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Trip Pricing in User-Based Relocation for
Station-Based Carsharing Systems

Ruiyou Zhang , Member, IEEE, Haiyu Kan , and Ilkyeong Moon

Abstract— The imbalanced distribution of vehicles due to
asymmetric demands has become a main operational challenge in
increasingly popular carsharing services. This study investigates
a user-based relocation strategy to alleviate the imbalances in
widely adopted non-reserved station-based carsharing systems,
in which users are induced to relocate vehicles via monetary
incentives. An incentive-based trip pricing problem considering
the strategic choices of users who aim to maximize the traveling
utility is formulated to optimize the incentives. A bi-level mixed-
integer programming model is developed and reformulated into
a single-level one, with a valid inequality introduced to improve
computational efficiency. An improved particle swarm optimiza-
tion algorithm is designed because the problem is proved to be
NP-hard. Extensive numerical results validate the mathematical
formulations and the solution method. Results also indicate that
the relocation strategy improves both the operating profit and the
number of served users in the configuration of the experiments.
Several managerial insights are provided for service operators as
well.

Index Terms— Bi-level programming model, carsharing, parti-
cle swarm optimization, trip pricing, user-based relocation, valid
inequality.

I. INTRODUCTION

CARSHARING services have increasingly spread world-
wide with the trend of mobility on demand. Specifically,

the renting and returning sites of a car are unnecessarily the
same in one-way mode of carsharing, which provides users
with high flexibility [1]. However, such a mode usually leads
to an imbalanced distribution of vehicles due to uncertain
and asymmetric demands over time and space. The imbal-
ances result in low reliability of the system and decrease the
satisfaction degree of users [2], [3]. As a result, alleviating
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the imbalanced distribution of vehicles is a main operational
challenge for service operators [4], [5], [6].

Operator-based and user-based relocation strategies can be
applied to address the imbalances. In operator-based relocation
strategies, designated staff are employed to relocate vehicles
from areas with surplus vehicles to areas with deficient vehi-
cles [7], [8], [9]. As a comparison, users are encouraged to
relocate vehicles by adjusting their itineraries in user-based
relocation strategies. User-based relocations are more sustain-
able than operator-based relocations by saving employment
costs of staff and avoiding vehicle occupancies [10], [11].
However, they are insufficiently researched. The relocations
carried out by users are more difficult to control than those
implemented by staff which can be optimized by solving
vehicle routing problems [12], [13], [14].

This research focuses on user-based relocations for non-
reserved carsharing systems. An incentive-based trip pricing
(IBTP) problem is investigated, in which incentives are deter-
mined to induce users to relocate vehicles. In a non-reserved
system, users choose renting and returning stations freely
without submitting any information on the trip in advance.
Users relocate vehicles under incentives automatically and
strategically to maximize their traveling utility, which brings
a great challenge for operators to control the relocations. This
research incorporates such behaviors of users into a bi-level
programming model.

The motivations for this research are summarized as fol-
lows. Non-reserved systems, such as EVCARD in China
(https://www.evcard.com/outlets/), are widely applied in prac-
tice. However, user-based relocations for non-reserved car-
sharing are seldom academically investigated due to the high
complexity of controlling the relocations. User-based relo-
cations are more easily applied in non-reserved carsharing
than in reservation-based modes owing to the unnecessity
of interacting with users. Methodologically, simulation- and
heuristic-based methods are commonly employed in the liter-
ature of user-based relocations. However, exact approaches are
scarcely reported, let alone those based on bi-level program-
ming models (see Section II for a detailed review).

Dealing with the IBTP problem in non-reserved carsharing
involves great challenges. First, the demands of car renting
and car returning are both time-varying and uncertain. This
feature requires incentives to be updated dynamically such
that the supply can better match the forthcoming demand.
Furthermore, incentives should be optimized in almost real
time due to the requirement of dynamic updates. Second,
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formulating users’ choices under incentives requires excessive
variables and constraints. Third, it is rather difficult to obtain
the optimal solutions for real-world instances due to the
NP-hardness of the IBTP problem.

This research makes threefold contributions. (i) An IBTP
problem is proposed formally for non-reserved carsharing,
where incentives are determined to encourage users to relocate
vehicles with a fine-grained consideration of users’ choices.
(ii) The NP-hardness of the IBTP problem is proved. A bi-level
mixed-integer programming model is established and reformu-
lated into a single-level one, with a valid inequality introduced.
An improved particle swarm optimization (IPSO) algorithm
is also developed. (iii) Several managerial insights, including
the critical factors and appropriate circumstances for applying
user-based relocations, are provided.

The remainder of this paper is organized as follows.
Section II reviews the literature on user-based relocation strate-
gies. Sections III and IV describe the IBTP problem formally
and formulate it into a bi-level mixed-integer programming
model, respectively. Section V reformulates the bi-level model
and introduces the valid inequality. The IPSO algorithm is
presented in Section VI. Section VII validates the proposed
methods, followed by conclusions and possible extensions in
Section VIII.

II. LITERATURE REVIEW

This section reviews the literature related to the topic of this
research. Section II-A presents a brief review of user-based
relocation strategies. Section II-B reviews the trip pricing
problems extensively in the field of the user-based relocation
strategy. Some user-based relocation strategies proposed for
bike-sharing can also be applied to carsharing, and hence, are
also included for a comprehensive review.

A. User-Based Relocation Strategies

Users are encouraged to adjust their renting and/or returning
sites as well as the corresponding times in user-based relo-
cation strategies. Some studies focus on identifying the most
effective form of applying user-based relocations. For instance,
[15] compares the benefits of adjusting stations and adjusting
times in decreasing the fleet size. Reference [16] concludes
that users prefer adjusting returning sites to adjusting renting
sites based on stated preference investigations. However, [17]
points out that adjusting renting sites is most easily accepted
by users, according to an online survey in a city different from
the city in [16]. One reason for these diverging conclusions
may be the differences in extra distances (caused by site
adjustment) and the incentives, besides the differences in city
characteristics and cultural customs.

Some other researchers mainly focus on revealing the poten-
tial of user-based relocations, but ignore the effect of extra
distances and incentives on users’ choices of transportation
modes or renting/returning sites. It is commonly assumed
that the share of users participating in relocations is constant,
whereas the incentives given to users are not considered neces-
sarily [18], [19], [20]. In practice, users may not participate in
relocations if the incentive cannot offset the extra cost caused

by relocations. Hence, optimizing the amount of incentives is
a critical issue in user-based relocations. The incentive forms
include coupons [21] and direct monetary incentives [22],
[23]. Surcharges may also be applied to the user whose trip
aggravates the imbalances of vehicle distribution [24]. The
applications of incentives and surcharges result in differenti-
ated price rates, which prompts the trip pricing problem.

B. Trip Pricing Problems

In trip pricing problems, area- and period-dependent trip
prices are optimized to affect the pattern of demands [1], [25].
Associated problems can be grouped into two classes roughly.
The first class of problems focuses on the choices between
vehicle sharing and the other transportation modes [26], [27],
[28]. The second class of problems mainly concerns the effects
on users’ paths with shared vehicles [29], [30], [31]. This
research falls into the second class and this subsection focuses
also on the second class.

Most studies in the second class focus on providing solu-
tions for reservation-based systems [32], [33], [34]. Users in
a reservation-based system need to submit information on
their desired trips in advance. The system assigns vehicles (or
parking slots) or recommends alternative trips based on the
submissions. The choice of users, i.e., whether to accept alter-
native trips, is commonly formulated using binomial logistic
models [22], [35], [36]. Price discrimination occurs usually
in reservation-based systems, because incentives depend on
both the initially desired trip and the actual trip. Several users
taking the same trips in the same period may be charged
different fees because their initially desired trips are differ-
ent [23], [37]. Such price discrimination may cause unfairness
among users and loss of potential demands at the long-term
level.

Non-reserved systems are rarely reported in the second
class of problems despite their wide applications (as shown in
Table I). Users in a non-reserved system are free to choose
renting and returning stations without being recommended
any alternative trips. Users have many choices on trips, and
hence, binomial logistic models are unable to formulate their
choices. Reference [21] employs a multi-logit model to for-
mulate users’ choices of trips under coupons. A rule-based
strategy is proposed to update the coupons in an evolution
model. Reference [29] applies the Monte Carlo simulation to
formulate the choice of users under incentives for non-reserved
bike-sharing.

As can be seen from Table I, trip pricing problems
for user-based relocation strategies have attracted increasing
attentions over recent years. However, the investigation into
flexible non-reserved systems is insufficient. In addition, users’
strategic behaviors have not been well considered. Some
studies incorporating users’ strategic choices employ either
simulation- or heuristic-based approaches, whereas exact
methods are seldom employed. This research enriches the
literature by investigating an IBTP problem for non-reserved
systems with the consideration of users’ strategic choices.
Both exact (based on a bi-level programming model) and
meta-heuristic approaches are developed.
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TABLE I
MAIN ARTICLES ON THE SECOND CLASS OF TRIP PRICING PROBLEMS

III. INCENTIVE-BASED TRIP PRICING PROBLEM

This section formally describes the IBTP problem from
the following three viewpoints: the carsharing system, the
incentive policy, and the strategic choices of users. Sets and
parameters describing the problem are presented in Table II.

A. The Carsharing System

A one-way station-based carsharing system offers services
within a given area. The system is composed of a set of stations
(say I ) and a fixed number M1 of homogeneous cars. A given
number of parking slots specific to the system and some extra
parking slots exist at each station. If the number of shared
cars parked at station i ∈ I exceeds the number of specific
parking slots Ci , additional cars can still be parked at extra
slots of station i , but the system needs to pay for occupying
extra slots.

The system provides users with high flexibility in renting
and returning cars. Users are allowed to rent cars at any time
over a planning horizon. Users’ demands for cars can always
be accommodated if cars are available at the renting stations.
Users are also free to return the cars to any station in the
service area without submitting any information in advance.
The service is fully self-serviced via a service application,

TABLE II
SETS AND PARAMETERS IN THE IBTP PROBLEM

on which some important information such as incentives is
updated in almost real time.

Imbalances in car distribution occur regularly due to spa-
tially asymmetric demands over time. The system applies a
user-based relocation (UBR) strategy to alleviate the imbal-
ances, which induces users to adjust their returning stations
via monetary incentives. The planning horizon (usually one
day) is divided into multiple periods to address the fluctuation
and uncertainty in demands. The IBTP problem for each
period is solved to determine the incentives dynamically with
the consideration of users’ strategic choices. Sections III-B
and III-C detail the incentive policy and strategic choice of
users, respectively. Note that the initial distribution of cars in
the first period is given as an outcome of the previous planning
horizon.

B. The Incentive Policy

The relocations are proactive in the sense that they are
implemented to better match supply with forthcoming demand.
At the beginning of each period (excluding the last one), the
system first estimates the number of cars available at each
station at the end of the period without any relocations. Based
on the estimation, the stations with insufficient cars (called
car-deficient stations) at the end of the considered period
can be easily found. Station-dependent incentives are offered
at the car-deficient stations during the considered period to
attract more users to return cars, such that the resulting
car distribution at the end of the period can be better. For
the convenience of description, the condition without any
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relocations is referred to as Condition NR. We assume that
the number of cars in demand at each station in each period
can be estimated based on historical data. Readers interested
in demand estimation are directed to [28] and [38].

The number of cars available at station i ∈ I at the end of
the period under Condition NR is estimated as

r E
i = r B

i − si + ai , (1)

where r B
i should be observable in practice and is obtained by

simulation in the experiments, si is calculated as min
{
r B

i , qi
}
,

and ai is estimated prior by simulating the operations under
Condition NR. Station i is a car-deficient station if the
estimated number of cars r E

i is less than the estimated number
of cars in demand q ′

i . The set of car-deficient stations under
Condition NR is given as

ID =

{
i ∈ I |r E

i < q ′

i

}
. (2)

The IBTP problem is formulated at the beginning of each
period to determine the incentives at car-deficient stations. The
objective is to minimize the weighted sum of the deviation
from the estimated number of cars available at the end of
the period after applying the incentives to the target inventory
range at all stations (called the DET part), and the total
incentive expense (called the TIE part). For a specific station
at its target range, the car demand can be well satisfied, and
meanwhile, parking slots over there are still available [29],
[39]. Therefore, the lower (upper) limit of the target inventory
range at station i at the end of the period is specified as the
estimated number of cars in demand in the next period (the
number of specific slots) at the station, i.e., L i = q ′

i (Ui = Ci ).
We assume that q ′

i ≤ Ci for any station i at any period. For
any station i , the deviation from the estimated number of cars
available at the end of the period after applying the incentives,
denoted as ni , to the target inventory range [L i ,Ui ] is defined
as: the distance between ni to the closer endpoint of the range
[L i ,Ui ] if ni is out of the range; or zero otherwise. It can be
expressed as max {ni − Ui , 0} − min {ni − L i , 0}.

The system charges users based on the traveling distance.
The service fee of a user returning a car to a station i∈I is

c = cREw − pi , (3)

where cRE is the fee of unit traveling distance, w is the
traveling distance from the renting station to the returning
station i , and pi is the incentive of returning a car to station
i in the returning period.

C. The Strategic Choices of Users

The incentives are assumed to affect users’ choices on
returning stations without influencing their willingness to
enjoy the service [22], [23]. Users choose returning stations
strategically to maximize their perceived utility. The perceived
utility is defined as the received incentive minus the sum
of the extra cost due to station adjusting and the inertia
cost. We assume that station adjustments do not change the
returning period, and that users consider only the incentives

in the returning period. If a user who initially desires station
i∈I finally returns a car to the station j∗ ∈ I\ {i}, we have

j∗ = argmax
j∈I\{i}p j −cF di j −1≥pi

(
p j − cF di j −1

)
, (4)

where di j is the distance from station i to station j , cF is the
cost of per unit additional distance exhibited by users (referred
to as the flexibility cost), and 1 is the cost of participating in
relocations (referred to as the inertia cost). That is, a user
chooses the station with the highest perceived utility among
all the choices with nonnegative perceived utilities.

Assumption 1 [40]: Both the flexibility cost and the inertia
cost are homogeneous among the users.

The returning station of a user may not be his/her final
destination in practice. For a user adjusting the returning
station, the time from the initially desired returning station
to the final destination and the time from the actual returning
station to the final destination may be different slightly. The
service fees for arriving at the initially desired returning station
and for arriving at the actual returning station may also be
different slightly. However, the above differences are difficult
to formulate precisely. We simplify the extra cost due to
station adjusting as the product of the flexibility cost and
the distance from the initially desired returning station to the
actual returning station, as in [34] and [35].

IV. BI-LEVEL MIXED-INTEGER PROGRAMMING MODEL

The IBTP problem can be formulated as a leader-follower
game. The system first determines the incentives, followed by
the users choosing their returning stations. This section for-
mulates this game into a bi-level mixed-integer programming
model (called Model B-MIP).

A. Upper-Level Model

The upper level formulates the decision of the system,
with the decisions of users treated as given parameters. The
following variables were introduced:

Decision variable:
p j (≥ 0) Incentive offered to a user returning a car to

station j ∈ ID in the considered period.

Auxiliary variables:

ni Estimated number of cars available at station i ∈ I
at the end of the considered period after applying
the incentives;

ei 1 if ni ≤ L i ; or 0 otherwise;
oi 1 if ni ≥ Ui ; or 0 otherwise.

The decision of the system can be formulated as the following
mixed-integer programming model (called Model B-MIPU).

Objective function (5), shown at the bottom of the next
page, minimizes the weighted sum of the DET part and
the TIE part. (ni − Ui ) oi + (L i − ni ) ei is equivalently a
tractable formulation of max {ni − Ui , 0} − min {ni − L i , 0}.
p j

(
a j +

∑
i∈I ai mi j − a j

∑
i∈ID

m j i
)

is the incentive
expense at station j , where mi j depends on the decision of
users to be formulated in Section IV-B. If a user who initially
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desires station i ∈ I finally returns a car to station j ∈ ID ,
mi j = 1; otherwise, mi j = 0. a j +

∑
i∈I ai mi j −a j

∑
i∈ID

m j i
represents the estimated number of returned cars at station j
under the incentives, where

∑
i∈I ai mi j is the sum of estimated

returned cars switching to station j , and a j
∑

i∈ID
m j i is the

sum of estimated returning cars switching from station j to
stations belonging to set ID .

Constraints (6) and (7), shown at the bottom of the page,
are the flow conservation constraints under the incentives.
Constraint (6) estimates the number of cars available at the
car-deficient stations at the end of the period. Constraint (7)
calculates those at stations I\ID , where ai − ai

∑
j∈ID

mi j is
the estimated number of returned cars at station i under the
incentives. Constraint (8), shown at the bottom of the page,
determines the relationship between ni and L i . If ei = 1,
Constraint (8) becomes −M1 + L i ≤ ni ≤ L i , with its
left-hand side relaxed. Otherwise, i.e., if ei = 0, Constraint (8)
becomes L i ≤ ni ≤ M1 + L i , with its right-hand side relaxed.
Constraint (9), shown at the bottom of the page, determines
the relationship between ni and Ui . Constraints (10) and (11),
shown at the bottom of the page, restrict the ranges of the
variables.

Model B-MIPU can be extended by incorporating operator-
based relocations. For instance, the relocations implemented
by staff and the scheduling of staff can be integrated
with the user-based relocations. However, the IBTP problem
itself is quite difficult. An integrated optimization will be
extremely complicated. Collaborative optimization of user-
and operator-based relocations is one of our research directions
in the future.

B. Lower-Level Model
The lower level formulates users’ choices on returning

stations to maximize their perceived utilities under given
incentives. It treats mi j (i ∈ I, j ∈ ID) as decision variables
and p j ( j ∈ ID) as given parameters. The decision of users is
formulated as the following linear programming model (called
Model B-MIPL):

max
∑
j∈ID

∑
i∈I

(
p j − cF d ′

i j

)
mi j (12)

s.t.
∑
j∈ID

mi j ≤ 1, ∀i ∈ I (13)

mi j ≥ 0, ∀i ∈ I,∀ j ∈ ID (14)

Objective function (12) maximizes the perceived utility of
users, where

d ′

i j =

{
di j , if i = j,
di j +1/cF , otherwise

Constraint (13) guarantees that a user who initially desires sta-
tion i finally returns a car to at most one car-deficient station.
Constraint (14) relaxes the binary variable mi j as a positive
continuous one. The relaxation does not change the optimality
of a solution to Model B-MIPL because the right-hand side of
Constraint (13) are integers and the coefficient matrix of the
left-hand side forms a totally unimodular matrix [40].

Model B-MIPL does not involve any specific user, because
the users initially desiring station i ∈ I behave consistently in
selecting the final returning station under Assumption 1.

Theorem 1: The IBTP problem is NP-hard (see Appendix
for the proof).

V. THE SINGLE-LEVEL MIXED-INTEGER MODEL AND
VALID INEQUALITY

Model B-MIP cannot be handled directly by state-of-the-art
optimizers due to its bi-level nature. Section V-A reformulates
it into a single-level model, with the nonlinear constraints
linearized in Section V-B. Section V-C introduces a valid
inequality to improve computational efficiency.

A. Single-Level Mixed-Integer Programming Model

Model B-MIPL is convex with a linear objective function
and linear constraints. Therefore, the Karush-Kuhn-Tucker
(KKT) conditions are both sufficient and necessary to judge
the optimality of its solutions [41]. We replace it with its
KKT conditions and integrate them with Model B-MIPU.
A single-level model (called Model S-MIP) is obtained, with
the objective function (5), constraints (6)-(11), (13)-(14) and

cF d ′

i j − p j + µi−λi j = 0, ∀i ∈ I,∀ j ∈ ID (15)

µi

 ∑
j∈ID

mi j − 1

 = 0, ∀i ∈ I (16)

− λi j mi j = 0, ∀i ∈ I,∀ j ∈ ID (17)

B-MIPU:

min F = f1
∑
i∈I

((ni − Ui ) oi + (L i − ni ) ei )+ f2
∑
j∈ID

p j

a j +

∑
i∈I

ai mi j − a j
∑
i∈ID

m j i

 (5)

s.t. n j = r B
j − s j + a j +

∑
i∈I

ai mi j − a j
∑
i∈ID

m j i , ∀ j ∈ ID (6)

ni = r B
i − si + ai − ai

∑
j∈ID

mi j , ∀i ∈ I\ID (7)

−M1ei + L i ≤ ni ≤ M1 (1 − ei )+ L i , ∀i ∈ I (8)
− M1oi + ni ≤ Ui ≤ M1 (1 − oi )+ ni , ∀i ∈ I (9)
0 ≤ p j ≤ P, ∀ j ∈ ID (10)
ni ≥ 0, ei ∈ {0, 1} , oi ∈ {0, 1} , ∀i ∈ I (11)
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0 ≤ µi ≤ P, ∀i ∈ I (18)

0 ≤ λi j ≤ max
i∈I, j∈ID

cF d
′

i j + P, ∀i ∈ I,∀ j ∈ ID (19)

mi j ∈ {0, 1} , ∀i ∈ I,∀ j ∈ ID (20)

Constraints (15)-(19), with the primal feasibility con-
straints (13) and (14), are the KKT conditions of Model
B-MIPL. Constraint (15) is the stationary equation, where µi
and λi j are the dual variables. Constraints (16) and (17) are
the complementary slackness conditions of Constraints (13)
and (14), respectively. Constraints (18) and (19) restrict the
ranges of the dual variables. For a feasible solution with mi j =

1, λi j should be zero to satisfy Constraint (17). According to
Constraint (15), µi should be p j − cF d ′

i j , and bounded up to
P . Otherwise, for a feasible solution with mi j = 0, µi may be
zero or larger than zero, depending on the value of

∑
j∈ID

mi j
in Constraint (16). According to Constraint (15), λi j should
be cF d ′

i j − p j +µi , and bounded up to max
i∈I, j∈ID

(
cF d ′

i j + µi

)
.

Therefore, a feasible upper-bound combination of the dual
variables are µi ≤ P and λi j ≤ max

i∈I, j∈ID
cF d ′

i j + P for any

i ∈ I and j ∈ ID . Constraint (20) strengths the restriction of
the variable mi j to maintain the optimality of a solution to
Model B-MIP.

B. Linearization of Constraints (16) and (17)
It is still difficult to solve Model S-MIP directly due to

the nonlinearity in Constraints (16) and (17). The nonlinear
constraints are linearized by introducing auxiliary binary vari-
ables. Specifically, Constraint (16) can be replaced by

µi ≤ M2αi , ∀i ∈ I (21)

1 −

∑
j∈ID

mi j ≤ M2 (1 − αi ) , ∀i ∈ I (22)

αi ∈ {0, 1} , ∀ i ∈ I (23)

where M2 = max {P, 1}. If αi = 1, Constraint (21) is relaxed,
and Constraint (22) becomes 1−

∑
j∈ID

mi j ≤ 0.
∑

j∈ID
mi j −

1 is forced to be zero to satisfy Constraints (13) and (22),
and hence Constraint (16) holds. Otherwise, Constraint (21)
becomes µi ≤ 0, and Constraint (22) is relaxed. In such a
case, µi is compelled to be zero to satisfy Constraints (18)
and (21), and Constraint (16) holds. Similarly, Constraint (17)
can be replaced by

λi j ≤ M3βi j , ∀i ∈ I,∀ j ∈ ID (24)

mi j ≤ M3
(
1 − βi j

)
, ∀i ∈ I,∀ j ∈ ID, (25)

βi j ∈ {0, 1} , ∀i ∈ I,∀ j ∈ ID (26)

where M3 = max
{

max
i∈I, j∈ID

cF d ′

i j + P, 1
}

.

In summary, Model B-MIP is reformulated equivalently
into a new model with Objective function (5) and Constraints
(6)-(11), (13)-(15), (18)-(26) (Model S-MIP-N).

C. The Valid Inequality

Model S-MIP-N can be solved by commercial solvers such
as CPLEX if the problem scale is not too large. An inequal-
ity is introduced to improve the computational efficiency as

follows:

cF d ′

i j mi j
≤ p j , ∀i ∈ I, ∀ j ∈ ID. (27)

Inequality (27) excludes the solution space where users’ per-
ceived utilities are smaller than zero. Specifically, if cF d ′

i j >

p j , adjusting the returning station from station i ∈ I to station
j ∈ ID results in a negative perceived utility. In such a case,
mi j is compelled to be zero. We refer to Model S-MIP-N with
Inequality (27) as Model S-MIP-I.

VI. IPSO ALGORITHM

Model S-MIP-I is still computationally intractable for
large-scale instances due to the NP-hardness of the problem.
As a result, we develop an IPSO algorithm, motivated by the
outstanding ability of PSO algorithms to address continuous
optimization problems that include various planning and oper-
ational problems in carsharing [20], [42]. Similarly as in [43],
starting from an initial population, the IPSO algorithm iterates
until either the given maximum number of iterations (say
N I T E ) or the given computation time (say T I T E ) is reached.

A. Encoding and Generation of the Initial Population
A solution is a vector with |ID| real elements within the

range [0,P], where |·| is the size of a given set. Each element
denotes an incentive of returning a car to a car-deficient
station. Given a population size N P O P , the solution corre-
sponding to particle l(≤ N P O P ) is represented by pl , where
the uth dimension plu represents the incentive of returning a
car to the uth car-deficient station (denoted as π (u)).

For any station i ∈ I , we can sort the stations I\ {i} in
ascending order of distances from them to station i . The
sorting result is named as the vector of neighborhood stations
of station i and denoted as Ei , where Eih (h ≥ 1) is the hth
element in Ei .

The initial solutions are generated using the vectors of
neighborhood stations of the car-deficient stations. They can
be classified into refined ones and coarse ones. For a refined
one pl , the incentive plu is applied to induce the users who
initially desire station Eπ(u)l to return cars to the car-deficient
station π (u), if doing so does benefit. The refined initial
solutions ensure good starting points. For a coarse one pl ,
the incentive plu is adopted to induce the users who initially
desire station Eπ(u)h to return cars to station π (u), where the
station Eπ(u)h is selected randomly. Coarse initial solutions
ensure the population diversity. Given the number N I _RE F of
the refined initial solutions, the procedure of generating the
initial population is detailed as follows.
Step 1: Initialization. Let p0 = [0, 0, · · · , 0]|ID |, and l =

u = h = 1. Let p′

l = pl = p0, and Cl = f
(

p0
)
,

where f (·) is the objective value of the given
solution.

Step 2: If station i = Eπ(u)h is not a car-deficient station,
let

p′

lu =

{
cF diπ(u) +1, if cF diπ(u) +1 ≤ P,
plu, otherwise,

(28)

otherwise, let p′

lu = plu .
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Step 3: If p′

lu > plu and h > 1, for any station i in the set
ID ∩

(⋃h−1
g=1 Eπ(u)g

)
, let

p′

lπ−1(i) = max
{

p′

lu − cF diπ(u) −1, plπ−1(i)

}
, (29)

where π−1 (i) is the index of car-deficient station
i in the solution. If pl ̸= p′

l and f
(

p′

l

)
≤ Cl , let

Cl = f
(

p′

l

)
and pl = p′

l ; if pl ̸= p′

l and f
(

p′

l

)
>

Cl , let p′

l = pl .
Step 4: If h < l and u ≤ |ID|, let h = h + 1 and return to

Step 2; if h = l and u < |ID|, let h = 1, u = u + 1,
and return to Step 2; otherwise, let h = 1, u = 1,
and l = l + 1.

Step 5: If l ≤ N I _RE F , let p′

l = pl = p0, Cl = f
(

p0
)
, and

return to Step 2.
Step 6: Generate a random positive integer h bounded up to

a given parameter N N E I , and let i = Eπ(u)h . Let

plu =

{
cF diπ(u) +1, if cF diπ(u) +1 ≤ P,
P, otherwise,

(30)

and let u = u + 1.
Step 7: If u ≤ |ID|, return to Step 6; otherwise, let u = 1 and

l = l + 1. If l ≤ N P O P , return to Step 6; otherwise,
output the initial solutions and the procedure stops.

The initial velocity for each dimension of each solution is
randomly generated in the range [−V, V ], where V is the
maximum velocity.

B. Update of the Solutions

The entire solutions are first updated with linearly varying
inertial weighting and asynchronous time-varying learning
factors. With the increment in the number of iterations, the
values of both the inertial weighting and the self-learning
factor decrease linearly; the value of the social-learning factor
increases linearly. The IPSO algorithm can possess a better
global exploration ability in the earlier phase and a better
convergence ability in the later phase.

Each dimension of each solution requires an update. Given
the best-so-far solution PG for the population and the best-
so-far solution P I N D

l for particle l, the velocity vlu(κ + 1) of
the uth dimension of particle l in the (κ + 1) th iteration is
updated as

vlu(κ + 1)

=

(
ϖ I N T

1 − ω
(
ϖ I N T

1 −ϖ I N T
2

))
v

lu
(κ)

+ θ
(
ϖ SE L

1 − ω
(
ϖ SE L

1 −ϖ SE L
2

)) (
P I N D

lu − plu (κ)
)

+ θ
(
ϖ SOC

1 + ω
(
ϖ SOC

2 −ϖ SOC
1

)) (
PG

u − plu (κ)
)
,

(31)

where plu (κ) represents the uth dimension of solution l in
the κth iteration; θ is a random number in the range [0, 1];
ω = (κ + 1) /N I T E is varying over the iterations; ϖ I N T

1 and

ϖ I N T
2 (< ϖ I N T

1 ) are the initial and final values of the inertial
weighting, respectively; ϖ SE L

1 and ϖ SE L
2

(
< ϖ SE L

1
)

are the

initial and final values of the self-learning factor, respectively;
ϖ SOC

1 and ϖ SOC
2

(
> ϖ SOC

1
)

are the initial and final values
of the social-learning factor, respectively. The updated velocity
is truncated if it exceeds the range [−V, V ]. Furthermore,
we have

plu (κ + 1)

=


0, if plu(κ)+ vlu(κ + 1) ≤ 0,
P, if plu(κ)+ vlu(κ + 1) ≥ P,
plu(κ)+ vlu(κ + 1), otherwise.

(32)

Some incentives in a solution can be slightly reduced
whereas the adjustment of returning stations remains. That is,
some solutions can be further improved by avoiding unnec-
essary incentive expenses. A so-called elitist modification
strategy is applied to potentially improve the solutions. Specif-
ically, when the entire particles are arranged in ascending order
of the objective values of their best-so-far solutions, only the
first

⌊
N I M P N P O P⌋

particles are selected to avoid premature
convergence. Here, N I M P (

0 ≤ N I M P
≤ 1

)
is the probability

of the modification, and ⌊·⌋ represents the largest integer not
larger than the given value. Each element of each selected
solution needs to be modified. For the incentive plu (κ + 1),
there exists a set of stations Qlu (κ + 1). Users may adjust the
returning station from stations in the set Qlu (κ + 1) to station
π (u), i.e.,

Qlu (κ + 1)

=

{
i |plu (κ + 1)− cF diπ(u) −1 ≥ 0, i ∈ I\ {π (u)}

}
.

(33)

If Qlu (κ + 1) is empty, let plu (κ + 1) = 0; otherwise, let

plu (κ + 1) = max
i∈Qlu(κ+1)

(
cF diπ(u) +1

)
. (34)

C. Decoding

Model B-MIP is applied to calculate the objective value.
Given a solution, the adjustment of returning stations is first
calculated based on Formula (4). Subsequently, the num-
bers of cars available at stations are calculated based on
Constraints (6) and (7). Finally, the objective value can be
obtained.

VII. VALIDATION AND EVALUATION

This section validates the proposed methods based on
numerical experiments. Section VII-A presents the settings of
experiments and instances. Section VII-B validates the math-
ematical formulations and the IPSO algorithm. The proposed
UBR strategy is evaluated in Section VII-C.

A. Setting of Experiments and Instances

All the experiments were run on an Intel I5-7300HQ quad-
core CPU at 3.60 GHz and 8.0 GB RAM in a Windows
10 operating system. The mathematical models were solved
using IBM ILOG CPLEX 12.6, where the depth-first search

Authorized licensed use limited to: Seoul National University. Downloaded on January 16,2025 at 04:42:57 UTC from IEEE Xplore.  Restrictions apply. 



598 IEEE TRANSACTIONS ON INTELLIGENT TRANSPORTATION SYSTEMS, VOL. 26, NO. 1, JANUARY 2025

strategy was applied in a 2048 MB working memory. The
C++ language in Visual Studio 2013 was used to call CPLEX
and code the IPSO algorithm.

1) Generation of the Instances: Instances of three scales
(i.e., small, medium, and large) were investigated. Some
data such as data on demand involve business privacy and
usually are not publicly available. Synthetic instances are
commonly applied in various carsharing problems [2], [7],
[44], [45]. We generated the instances according to [7], [44],
and [46]. Eight instances were generated for each scale, with
the instances named in the scale and number (such as S1, M1,
and L1).

The service areas were square regions. The side lengths
were selected in the sets {7, 9} km, {10, 12, 13} km and
{12, 13} km in the small-, medium- and large-scale instances,
respectively. Stations were scattered randomly in the service
area. The numbers of stations were in the ranges [40, 100],
[130, 200] and [210, 250] in the three scales of instances
sequentially. In each instance, the numbers of specific parking
slots among stations followed normal distribution N

(
20, 52).

The initial numbers of cars followed N
(
15, 52). For station

pair i and j (̸= i), the traveling distance di j was the Euclidean
distance multiplied by a random number in the range [1, 2] to
incorporate the impact of road layouts, as in [2] and [46].
Traveling times were calculated based on an average traveling
speed of 25 km/h. For the trips with returning stations coin-
cided with renting stations, the traveling times were set to one
hour.

The planning horizon ranged from 6:00 a.m. to 10:00 p.m.,
where 6:00 a.m.-9:00 a.m. and 5:00 p.m.-8:00 p.m. were
peak traffic time frames. The length of a period was set
as 15 minutes. The demand at each station in each period
was assumed to follow the Poisson distribution [4], [27].
Reference [7] found that the demand rate for cars during
off-peak hours in a working day was approximately 0.7 times
the demand rate during peak hours. The mean of cars in
demand at each station was a random integer in the range [0,
25] in each period within peak traffic time frames, and was a
random integer in the range [0, 20] in each of the other periods.
The mean of cars in demand at each station was regarded
as the estimated number of cars in demand when optimizing
the incentives. The operations of 90 planning horizons under
Condition NR were simulated. The obtained average number
of returned cars at station i was estimated as the number of
returned cars ai .

The flexibility cost cF was set, unless stated explicitly,
as 10¥/km, referring to [44] which set parameters according
to a report from EVCARD in China. The inertia cost 1 was set
as ¥1. For a considered period, f1 was set as

(∑
i∈I D0

i
)−1,

where D0
i = max

{
r E

i − Ui , 0
}

− min
{
r E

i − L i , 0
}
. f2 was

set as f1/ f R A, where f R A
= 10¥/vehicle, unless stated

explicitly. The maximum incentive P offered to a user was
¥30.

2) Setting of Parameters in the IPSO Algorithm: The
parameters in the IPSO algorithm include ϖ I N T

1 , ϖ I N T
2 ,

ϖ SE L
1 , ϖ SE L

2 , ϖ SOC
1 , ϖ SOC

2 , V , T I T E , N I T E , N P O P ,

N I _RE F , N N E I , and N I M P . We adopted the recommended

TABLE III
RESULTS OF MODEL S-MIP-N AND MODEL S-MIP-I

values in [43] for the inertial weighting, learning factors, and
the maximum velocity, i.e., ϖ I N T

1 = 0.9, ϖ I N T
2 = 0.4,

ϖ SE L
1 = 2.5, ϖ SE L

2 = 0.5, ϖ SOC
1 = 0.5, ϖ SOC

2 = 2.5,

V = P − ¥0 = ¥30. The computation time T I T E was set
to one minute. The parameters N I T E , N P O P , N I _RE F , N N E I

and N I M P were tuned sequentially using a popular method as
in [47] based on the eight large-scale instances. The tuning
results were N I T E

= 500, N P O P
= 150, N I _RE F

= 10,
N N E I

= 10, and N I M P
= 0.1.

B. Validation Based on a Single Period

This section validates the mathematical formulations and
the IPSO algorithm. The third period was considered for all
the instances.

1) Performance of Model S-MIP-N and Inequality (27):
Each instance was solved using CPLEX based on Model
S-MIP-N and Model S-MIP-I separately, with the computa-
tion time limited to one hour. Model S-MIP-N obtains the
optimal solutions for all the small-scale and five medium-
scale instances. Ten of the above 13 instances were solved to
optimality even within one minute. The above results indicate
the effectiveness of Model S-MIP-N.

The comparative results in Table III validate Inequality (27).
The averaged computation time of Model S-MIP-I decreases
significantly for each scale compared to that of Model
S-MIP-N. Nineteen instances (including all the small- and
medium-scale instances and three large-scale instances) obtain
the optimal solutions by Model S-MIP-I. Fifteen of the above
19 instances obtain the optimal solutions even within one
minute.

2) Performance of the IPSO Algorithm: The effectiveness
and scalability of the IPSO algorithm are explored by compar-
ing them to the performance of Model S-MIP-I. The algorithm
was run three times independently for each instance, with the
best solution presented. The solution time of CPLEX was
limited to one minute for actual applications. Fig. 1 shows
the computation times of the IPSO algorithm and of CPLEX
for each instance, which indicates the high efficiency of the
algorithm.

The IPSO algorithm provides the optimal solutions for
instances S1-S8, M1-M6 and M8. For instance M7, the
solution provided by the algorithm is worse than the opti-
mal solution by 0.11%. For the large-scale instances, the
improvements in the solutions provided by the IPSO algorithm
compared to those obtained by CPLEX within one minute and
one hour, i.e., Obj. Imp1 and Obj. Imp2, and the optimality gap
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Fig. 1. Computation times of Model S-MIP-I and the IPSO algorithm for
the three-scale instances.

Fig. 2. Comparison of solutions obtained by Model S-MIP-I and the IPSO
algorithm for the large-scale instances.

given by CPLEX within one hour are shown in Fig. 2. The Obj.
Imp1 for instances L1-L8 is 0.99% on average. For instances
L2-L4 and L7, the solutions provided by the IPSO algorithm
are slightly worse than those obtained by CPLEX within one
hour. However, the solutions provided by the algorithm are
still acceptable owing to the small optimality gaps and the
small values of Obj. Imp2.

The robustness of the IPSO algorithm is investigated as
well based on the large-scale instances. Results indicate that
the IPSO algorithm is fairly stable. The objective values are
invariant in the three repeats of six instances. The maximum
relative difference of the three objective values is 0.03% in
the remaining two instances.

3) Sensitivity Analysis of the Ratio f R A: The ratio f R A
=

f1/ f2 represents the degree of the trade-off between the
two parts in the objective function (5). We changed the
ratio f R A from 10 ¥/vehicle to 5 ¥/vehicle, 15 ¥/vehicle,
20 ¥/vehicle and 25 ¥/vehicle to conduct a sensitivity
analysis. Instances M5 and M6 were selected for analysis,
with Model S-MIP-I applied to obtain solutions.

As can be seen from Fig. 3, the system puts more emphasis
on decreasing the DET part with the increment of the ratio
f R A. The decrement of the DET part is accompanied by the
increment in the TIE part. A larger ratio f R A also leads to
a longer computation time because of a more complicated
structure of incentives.

C. Validation of the User-Based Relocation Strategy

This section validates the UBR strategy based on the
Monte Carlo simulation in the rolling-horizon framework.
The incentives were updated dynamically from the first to the
second-to-last period in a planning horizon, where the number
of cars available at station i ∈ I at the beginning of a period
is an outcome of the previous period. Five planning horizons
were simulated for each instance, with the average value of
a performance metric approximated as the expectation. The
following performance metrics are considered:

Fig. 3. The effect of the ratio f R A .

(1) The operating profit is the total revenue (calculated in
Eq.(3)) minus the sum of the fuel consumption cost and the
cost of occupying extra slots. The distance-based fee was
obtained using a setting of ¥2.4 per kilometer. The fuel
consumption cost was ¥0.3 per minute when cars were driven
on the road. The above settings were referred from [44], as was
the setting of the flexibility cost. The cost of occupying extra
slots was calculated based on a cost of ¥1.0 per period for an
extra slot.

(2) The number of served users is the sum of served users
at all stations over the planning horizon.

1) Improvements in the System Performance: Results in
Section VII-B.3 indicate that an appropriate ratio f R A may
improve both the operating profit and the number of served
users, owing to a balance between the incentive expense
and the increment in the number of served users. However,
appropriate ratios for different systems may be disparate due
to the differences in operational characteristics. We changed
the ratio f R A from 10 ¥/vehicle to 8¥/vehicle, 15¥/vehicle,
20¥/vehicle and 25 ¥/vehicle for each instance, and sim-
ulated the operations under each value by the Monte Carlo
simulation with the other settings remained. The highest oper-
ating profit under the five values and the corresponding number
of served users were adopted as the performance of the UBR
strategy. The incentives for instances S1-S8 and M4-M6 were
optimized using Model S-MIP-I with the computation time
limited to one minute. The incentives for the other instances
were obtained using the IPSO algorithm.

The UBR strategy has great potential for enhancing system
performance and is scalable (as shown in Fig. 4). The incre-
ment in the operating profit varies from 2.67% to 30.70%, with
the average increments reaching 18.62%, 5.65%, and 9.85%
for the small-, medium- and large-scale instances, respectively.
The numbers of served users increase by 20.37%, 8.12%, and
9.87% on average for the three-scale instances. More users
are served owing to the incentive-based relocations, and the
profit obtained from the additionally served users compensates
well for the incentive expense. The ratios f R A∗ obtaining the
highest operating profit are disparate among the instances,
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Fig. 4. Performance of the UBR strategy (“Improvement” is the improvement in the system performance under the UBR strategy compared to that under
Condition NR).

which indicates the importance of properly balancing the
incentive expense and the increased served users for each
system.

2) Comparison to Operator-Based Relocations: The UBR
strategy is compared with a widely considered operator-based
relocation strategy. The incentive-based relocations in the
UBR strategy are assumed to be implemented by staff
after users return cars to their initially desired stations. The
operator-based relocations are assumed to be finished by the
end of each period. According to [35] and [40], the cost of
relocating a car by staff is

cv = c0 + c f d
/
vs, (35)

where c0 is the employment cost of one staff for a period, c f
is the fuel consumption cost per unit time, d is the traveling
distance of the relocation, and vs is the traveling speed. The
settings of d and vs can be found in Section VII-A.1, and
the setting of c f can be found in this section. We set c0 as
¥ 16.25 per period, referring to [44].

Results indicate that in 20 out of the 24 instances, the UBR
strategy outperforms the operator-based relocation strategy,
with the incentive expense lower than the cost of relocating
the equivalent cars by staff. The incentive expense is approx-
imately 0.72 times the cost of operator-based relocations on
average for the 20 instances. For the other four instances, the
former is approximately 1.25 times the latter on average.

3) Effect of the Flexibility Cost: The flexibility cost influ-
ences users’ choice on returning stations and further affects the
performance of the UBR strategy. Therefore, we changed the
flexibility cost from 10 ¥/km to 8 ¥/km, 15¥/km, 20 ¥/km
and 30 ¥/km, and ran the Monte Carlo simulation under
each value of the flexibility cost, with the details described in
Section VII-C.1. Instances S5, M4, and L5 were selected for
the analysis. Fig. 5 presents the improvements in the operating
profit obtained by the UBR strategy (compared to the operating
profit under Condition NR) and the ratio f R A∗.

Fig. 5 (a) indicates the robustness and scalability of the UBR
strategy. An improvement in the operating profit can always
be guaranteed for each instance within a large range of the
flexibility cost. It can also be observed that the improvement
in the operating profit decreases with the increment in the
flexibility cost in most cases. The above result is expected
because the system needs to pay more incentives to improve
the distribution of cars when users exhibit higher flexibility
costs. However, the improvements in the operating profit
slightly increase in a few cases, for example, when the
flexibility cost increases from 20 ¥/km to 30 ¥/km at Instance
M4. Such an outcome might result from the estimation error

Fig. 5. Effect of the flexibility cost.

in the number of rented/returned cars or a coarse-grained
setting of the ratio f R A. Fig. 5 (b) indicates that the ratio
f R A∗ is affected by the flexibility cost even for a specific
system.

4) Effect of the Number of Cars in Demand: The demand
for cars possibly increases in the near future with the develop-
ment of services. Therefore, we increased the number of cars
in demand to investigate its effect on the UBR strategy. The
following scenario, besides the baseline scenario described in
Section VII-A, is considered:

Scenario 1: The mean of cars in demand at each station
in each period within the two peak traffic time frames was
a random integer in the range [0, 30]. In each of the other
periods, the mean of cars in demand at each station was a
random integer in the range [0, 20].

Instances S5, M4, and L5 were selected for the analysis.
For each instance and scenario, the system operations were
simulated. The number of cars in demand, number of served
users, car utilization ratio, operating profit, revenue, incentive
expense, and the cost of occupying extra slots are presented
in Table IV. The car utilization ratio is the duration in which
cars are driven on the road divided by the total car duration
over the planning horizon.

As can be seen from Table IV, the incentive expense rises as
the demand increases, due to an insufficient supply of cars and
the resulting larger need for relocations. However, the number
of served users, car utilization ratio, revenue, and operating
profit may not increase with the increment of the demand,
as in instances M4 and L5. The reason may be that the higher
demand aggregates the degree of asymmetry in demand, which
leads to less match between supply and demand. The above
results indicate that the UBR strategy may not improve the
operating profit with the increment in demands when the car
utilization ratio reaches a certain level. In such a case, the
system can additionally apply operator-based relocations or
increase the fleet size.
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TABLE IV
EFFECT OF THE NUMBER OF CARS IN DEMAND

VIII. CONCLUSION AND DISCUSSIONS

This research investigates an IBTP problem for applying a
UBR strategy in non-reserved carsharing. A bi-level mixed-
integer programming model is developed and reformulated
into a single-level one, with a valid inequality introduced.
An IPSO algorithm is developed. Extensive experiments are
conducted to validate the methods.

Several managerial insights are provided for service oper-
ators. (1) The UBR strategy is applicable in real-world
non-reserved systems because of its great potential to improve
the operating profit and the number of served users. (2) The
degree of trade-off between the incentive expense and the
increased served users in the UBR strategy may vary with
some critical parameters, which should be determined by
simulation. (3) The benefits of the UBR strategy are affected
by the flexibility cost significantly. Careful calibrations on the
flexibility cost are required before actual applications. (4) The
UBR strategy has restrictions in improving the operating profit
with the increment in the potential demand. The system needs
to additionally apply operator-based relocations or increase the
fleet size if necessary.

This study can be followed in several aspects. First, the
consideration of heterogeneous or uncertain flexibility costs
in UBR strategies may be more valuable for applications.
Second, (autonomous) electric cars are adopted increasingly in
carsharing. Developing UBR strategies considering the charg-
ing of electric cars and measuring the environmental benefits
(i.e., reduction in carbon emission caused by the application
of electric cars) are both promising research angles. The
integration of self-relocations by autonomous cars is also an
expected angle of research. Third, user-based relocations alone
might not improve the operating efficiency to its maximum.
Hence, collaborative optimizations of user- and operator-
based relocations are anticipated, especially in non-reserved
systems.

APPENDIX: PROOF OF THEOREM 1

We first introduce the simplified incentive-based trip pric-
ing(SIBTP) problem as follows. Consider the set of stations
V j =

{
i ∈ I |cF d ′

i j ≤ P
}

, from any of which users may adjust
the returning station to station j ∈ ID , if station j provides
the maximum incentive P . A subset V ′

j of the set V j consists
of the stations from which users finally adjust their returning
stations to station j under the assignment. The incentive,

p j

(
V ′

j

)
, for returning a car to station j is at least max

i∈V ′
j

cF d ′

i j

to guarantee nonnegative perceived utilities for users.
The utility of the returning adjustments regarding the subset

V ′

j is defined as

F j

(
V ′

j

)
= f1

∑
i∈V ′

j

(
D0

i − D
′

i

(
V ′

j

))
− f2 p j

(
V ′

j

)
a′

j

(
V ′

j

)
,

(A1)

where D′

i (V
′

j ) is the counterpart of the deviation D0
i under

the adjustments regarding the set V ′

j , and a′

j

(
V ′

j

)
represents

the number of returned cars at station j under the adjustments
regarding the set V ′

j . The utility of the returning adjustments
for the whole system is defined as

ψ = f1
∑
j∈ID

∑
i∈V ′

j

(
D0

i − D′

i (V
′

j )
)

− f2
∑
j∈ID

p j

(
V ′

j

)
a′

j

(
V ′

j

)
.

(A2)

The goal of the SIBTP problem is to maximize the utility
ψ by assigning users to return cars to car-deficient stations,
while V ′

j ∩ V ′

k = ∅ holds for any two selected subsets V ′

j and
V ′

k ( j ̸= k).
Lemma 1: The SIBTP problem is NP-hard.

Proof: The NP-hardness of the SIBTP problem can be
proved by a reduction from the weighted set packing problem
(which is NP-hard) considered in [48].

Given a weighted set packing problem, the construction of
the SIBTP problem is as follows: a) The set of stations I
corresponds to the finite set. b) The set of stations V j for
station j ∈ ID corresponds to a given subset of the finite set.
c) The utility F j

(
V j

)
for any station j ∈ ID corresponds to

the weighting of the corresponding subset. The utility F j

(
V ′

j

)
equals to zero constantly for any subset V ′

j ∈ V j .

The above links can be constructed in a linear time, and
thus the SIBTP problem is NP-hard. □

Proof of Theorem 1: We denote I I N
=

⋃
j∈ID

V ′

j as the
set of stations, from any of which users adjust their returning
stations to a car-deficient station under the assignment. The
utility ψ can be expressed as

ψ = f1
∑

i∈I I N

(
D0

i − D′

i

(
I I N

))
− f2

∑
j∈ID

p j

(
V ′

j

)
a′

j

(
V ′

j

)
.

(A3)
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For any station i∈I\I I N , D0
i = D′

i
(
I I N )

, we have

ψ − f1
∑
i∈I

D0
i = − f1

 ∑
i∈I\I I N

D0
i +

∑
i∈I I N

D′

i

(
I I N

)
− f2

∑
j∈ID

p j

(
V ′

j

)
a′

j

(
V ′

j

)
= −F. (A4)

The maximization of the utility ψ is equivalent to the objective
function (5), because f1

∑
i∈I D0

i is a constant.
The above analysis indicates that the SIBTP problem relaxes

Formula (4) as mi j∗
(

p j∗ − cF di j∗ −1
)

≥ 0 for j∗ ∈ I\ {i},
compared to the IBTP problem. Therefore, the IBTP problem
is NP-hard. □
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