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ARTICLE INFO ABSTRACT

Keywords: In recent years, third-party platforms (3PPs), such as Amazon, have attracted considerable
Omnichannel retailing interest from omnichannel retailers as a sales channel option. Even though omnichannel retailers
Third-party platform channel have their own offline and online channels, they have participated in the fulfillment service of
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Decomposition approach
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3PPs to absorb additional demand from the 3PP channel. To the best of our knowledge, no
existing study has addressed the robust omnichannel retail operations utilizing the channel of
3PPs as one of a retailer’s sales channels. To fill these research gaps, this paper formulates
omnichannel retail operations with the 3PP channel into a multi-period stochastic optimization
model. The proposed model involves the supply chain networks of the retailer and 3PP and
also the production capacity constraint, which restricts replenishment quantity depending on
the production capacity of each supplier. Unfortunately, the existence of the 3PP channel and
the production capacity constraint increases the computational complexity; thus, the problem
cannot be solved within an acceptable computational time by using the existing approach (i.e.,
a two-phase approach (TPA) based on robust optimization). To overcome these challenges, we
propose a novel decomposition approach called DECOM. DECOM has a distinct advantage in
that it can decompose the proposed problem into two small problems, one for the retailer’s
supply chain and the supply chain of the 3PP. We evaluate the performance of DECOM by
comparing it with the TPA on a set of experiments carried out in various experimental settings.
Both DECOM and TPA could provide high-quality solutions, but DECOM outperformed TPA
in terms of computational efficiency. In particular, we observed that DECOM was scalable
to large-scale instances. Furthermore, we explored the advantages of utilizing omnichannel
retail operations and the 3PP channel by performing a sensitivity analysis. In particular, we
showed the cost-saving effect resulting from the introduction of the 3PP channel in omnichannel
retailing.

1. Introduction

With the rapid rise of digitalization and e-commerce platforms, the omnichannel strategy has become more popular with retail
companies (He et al., 2022). Omnichannel refers to a strategy with multiple sales channels and can provide customers with seamless
experiences no matter where they shop. Using the omnichannel service, customers can purchase or receive products in various ways,
such as “buy online and pick up in-store” or “examine products in-store and buy online (showrooming)” (Jiu, 2022; Liu et al., 2023).
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According to the survey of Emma et al. (2017), among 46,000 customers, 73 percent preferred to use multiple channels during their
shopping journeys. Because of customers’ preferences for omnichannel service, retail companies operating brick-and-mortar stores
have invested large amounts of resources in the online sales channel (e.g., apps and official online websites).

However, in recent years, several retail companies have sold their products on third-party platforms (3PP), such as Amazon and
Coupang, despite having their own offline and online channels (Zhen and Xu, 2022). In real business, Coupang launched a service
called the C.AVENUE, and many omnichannel companies, such as Nike and Adidas, have participated in this service and sold their
products using 3PP. From the perspective of retailers, there are distinct advantages to adopting the 3PP channel as one of their
sales channels. These advantages are as follows:

« Self-supporting logistics service system (SLSS): The 3PP companies could implement logistics of fulfillment on behalf of the retailer
by using their SLSS. For example, Amazon has provided a fulfillment service called Fulfillment by Amazon (FBA) (Lai et al.,
2022).

* Customers in the 3PP channel: The retailer could absorb the additional demand of 3PP. A significant number of customers use
3PP to buy products online. Specifically, as of 2022, more than 197 million monthly active users use the Amazon app, and
more than 27 million monthly active users use the Coupang app (Daniel, 2023). Therefore, in addition to customers who want
to buy a specific product from a retailer, other users of 3PP could also buy that product while looking around the platform.

Motivated by observing the advantages retailers obtain by using 3PP, we cope with omnichannel retail operations that have
adopted the 3PP channel as one of the sales channels. Moreover, we address decision and optimization problems considering demand
uncertainty, which jointly determine the four types of decision over a multi-period planning horizon (i.e., replenishment, allocation,
transshipment, and fulfillment). We aim to minimize the expected total cost over the planning horizon from the retailer’s perspective.
Of special note, we consider the following two features, which are generally considered in real business: (1) the binary decision
for replenishment to accommodate fixed order costs and (2) the constraint restricting replenishment quantity depending on the
production capacity of each supplier (i.e., the production capacity constraint).

However, there are four issues that make the proposed problem challenging. First, the retailer has to make binary replenishment
decisions adaptively after demand unfolds over periods (i.e., the adjustable binary decision), which increases the solution space and
complexity of the problem (Hanasusanto et al., 2015). Second, according to the common assumption in retail environments, the
replenishment, allocation, and transshipment of products are decided before the demand is realized (anticipative manner), and the
fulfillment is decided after demand is realized (reactive manner) (Jiu, 2022). Thus, the solution approach providing a good quality
solution with integrating anticipative and reactive decisions is necessary. Third, the existence of the 3PP channel makes the problem
larger than it would be without this channel. In addition to the retailer’s supply chain for online and offline channels, the supply
chain for the 3PP channel (i.e., the 3PP supply chain) should also be considered if the 3PP channel is adopted. Fourth, the production
capacity of suppliers makes the problem quickly become intractable. To the best of our knowledge, no existing study addresses the
above four issues simultaneously, even though Lim et al. (2021) and Jiu (2022) dealt with the first and second issues.

In order to fill these research gaps, our study deals with a multi-period stochastic optimization model that takes into account
the logistics operations of an omnichannel retailer’s supply chain and the supply chain of the 3PP simultaneously. Additionally, we
propose a novel decomposition method, which is called DECOM, to enhance computational efficiency. In this research, we attempt
to answer the following research questions to derive management implications in omnichannel and 3PP research areas:

1. Does the DECOM outperform the existing algorithm, and is it scalable in realistic problem scales?

2. If it can, how does the production capacity of suppliers affect the performance of DECOM, and is DECOM effective in
guaranteeing the robustness for demand uncertainty?

3. Which cost parameters play important roles for the cost-saving effect derived from adopting omnichannel retailing and the
3PP channel?

We present the main contributions of our study from the following two perspectives:

Practical contributions: As far as we know, this is the first study to address omnichannel retail operations under demand
uncertainty and consider both the retailer’s supply chain and the supply chain of the 3PP. Furthermore, we deal with the production
capacity of suppliers and transshipment between logistics centers, which are two elements that have not been addressed in related
existing studies. We explore the effects of adopting the omnichannel system and the 3PP channel by conducting sensitivity analysis on
various cost parameters. In particular, we examine the substantial cost savings caused by employing the 3PP channel in omnichannel
retail operations. Based on experimental results, we suggest managerial insights that could be instructive to practitioners who aim
to set up an effective supply chain considering the omnichannel retail operations and the 3PP channel.

Theoretical contributions: We develop the multistage stochastic optimization model to address the proposed problem. Our
model can jointly determine every decision, and the anticipative and reactive manners are implemented seamlessly as the demand
unfolds over periods. The two-phase approach (TPA) on the robust optimization approach is the state-of-the-art method to deal with
adjustable binary decisions (Lim et al., 2021). However, the TPA requires a significant computational burden to solve large-scale
instances in our model. To alleviate these issues, we develop a novel approach, DECOM, which can be regarded as an extended
version of the TPA. DECOM can decompose the total supply chain into two streams, one for the retailer’s supply chain and the other
for the 3PP supply chain, by introducing artificial variables. On a set of computational experiments, DECOM could provide high-
quality solutions similar to solutions derived from the TPA. Furthermore, in terms of computational efficiency, DECOM outperforms
the TPA by solving large-scale problems within a reasonable time.
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This paper is organized as follows: We present the literature review related to omnichannel retail operations, the 3PP channel,
and robust optimization (RO) in Section 2. We present the problem description for the omnichannel supply chain with the 3PP
channel and the corresponding deterministic and stochastic optimization models in Section 3. In Section 4, we briefly explain how
we customize the TPA approach for the proposed problem. In Section 5, we present the principles of the DECOM approach. In
Section 6, we conduct computational experiments on various demand distributions and problem sizes to evaluate the performance of
the developed DECOM approach. Furthermore, we analyze the effects of the omnichannel and the 3PP channel. Finally, in Section 7,
we summarize the contributions of this study, along with further research ideas.

2. Literature review

The literature review will focus on three streams of research in operations management: omnichannel retail operations under
uncertainty, the 3PP channel, and RO.

2.1. Omnichannel retail operations under uncertainty

The last few years have seen a huge growth in the number of papers published on the topic of omnichannel leverage in
retail operations (Cai and Lo, 2020). Instead of reviewing all existing studies related to the omnichannel topic, we present a
detailed review of recent literature regarding the optimization under uncertainty in omnichannel retailing. Many researchers used
optimization methods requiring assumptions on the demand distributions. Arslan et al. (2021) studied the distribution network
deployment problem, which aimed to integrate the online channel and offline retailers. To consider uncertainties that occurred in
online orders, store sales, and capacities, they developed a two-stage stochastic programming model. Siawsolit and Gaukler (2021)
developed a Markov decision process model to derive the optimal replenishment policy within omnichannel grocery retailing. They
considered the uncertain nature of demand and shelf life of groceries in the proposed model. Abouelrous et al. (2022) addressed
the multi-location inventory problem, aiming to determine the initial inventory at each location within a given planning horizon.
They also simultaneously considered the stochastic online and in-store demands, which were general assumptions in omnichannel
retail operations. Guo and Keskin (2023) studied the integration of strategic, tactical, and operational levels of decisions in the
omnichannel supply chain. Their two-stage stochastic programming model can optimize the three types of decisions, depending
on the demand realizations. Silbermayr and Waitz (2024) addressed transshipments from an offline channel to online customers
to enhance the balance between supply and demand for perishable and substitutable products. They proposed a two-location
newsvendor model for inventory management with substitutions for product and sales channels and one-way transshipment.

However, it is difficult to estimate the exact demand distributions within omnichannel retailing (Qiu et al., 2023). Furthermore,
if a significant discrepancy between the estimated distribution and the actual demand exists, the quality of solutions derived from
the estimated distribution could be poor. Under these circumstances, RO is an effective methodology because it only requires partial
information about the demand (e.g., mean). We present three relevant studies that utilize the RO for omnichannel retailing. Qiu et al.
(2023) addressed the problem for pricing and ordering optimization considering full-refund and no-refund policies. They also defined
the demand as a linear function of the price and refund to accommodate the general case that demands depend on the prices and
available return policies. Using historical data, they presented a nonlinear optimization model to cope with demand uncertainty, and
the proposed model was transformed into the tractable MILP model by using the duality theory. However, the presented approach is
challenging to apply in the multi-period problem, and the computational efficiency was not analyzed. Guan et al. (2024) studied a
stochastic optimization model as an integrated method to address assortment planning, replenishment, and e-fulfillment problems.
They developed a distributionally RO model, specifically the worst-case mean-conditional value-at-risk model. The proposed model
can adjust the trade-off between profitability and risk according to the decision-maker’s preference.

On the other hand, Jiu (2022), which is the most relevant study to our research, addressed the multi-period problem for robust
omnichannel retailing. The study used the TPA, developed by Lim et al. (2021), to solve the problem. The TPA could provide high-
quality solutions compared to existing approaches. In addition, through computational experiments on large-scale problems, the
study indicated that the TPA was scalable to the problem. Our study has several differences compared with the study by Jiu (2022).
One of these differences is that both transshipment decisions and production capacity are considered in our model. When inventories
are insufficient, stockouts can be avoided by implementing the transshipment between logistics centers. Furthermore, suppliers
usually have their production capacity, so the retailer should replenish products by considering this constraint. Therefore, our model
is suitable for real-world problems and can offer more instructive management implications compared to previous literature. In
addition to these two differences, the most apparent contribution of our study is that we adopt the 3PP channel in our model. In other
words, when optimizing the proposed problem, the retailer’s supply chain and the supply chain of the 3PP should be considered
simultaneously.

2.2. Third-party platform (3PP) channel

We present several studies that analyze the effects of adopting the 3PP channel for retailing. By investigating the existing studies
considering 3PP in retail, we observe that 3PP companies can be classified into two types depending on the existence of SLSS in those
companies. For 3PP companies without the SLSS, the retailer or manufacturer who participates in 3PP can only sell their products
using the platform, but the logistics of products must be implemented by themselves. On the other hand, for 3PP companies with
the SLSS, the retailer can sell their products on 3PPs. Adding to that, the 3PP company implements every logistics and fulfillment
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procedure on behalf of the retailer. Our study considers the latter type for a 3PP company by reflecting real cases of Coupang and
Amazon.

We will introduce literature that considers the 3PP company operating with SLSS. Previous studies can be classified into two
types: whether research outcomes are helpful for the 3PP company, or whether they are helpful for the retailer who uses the
service provided by the 3PP company. First, we present recent studies that could be helpful for the 3PP company. Lai et al. (2022)
investigated the effects of FBA, which is a fulfillment service offered by Amazon, on both Amazon itself and on retailers that use this
service. They developed a strategic competition model and found that FBA could alleviate price competition between Amazon and
the retailer. Li and Li (2023) examined whether a 3PP company should establish the SLSS by developing game-theoretic models.
Furthermore, they discussed the interaction between the SLSS of the 3PP company and the manufacturer’s platform entry decision.
Deshpande and Pendem (2023) studied how logistics service quality affects service ratings and retailers’ sales on a platform provided
by the 3PP company. By utilizing the real-world data set and developing the customer choice model, they found that logistics service
quality plays an important role in the customer purchase decision.

Second, we present recent research that could be valuable for retailers who are contemplating using the services of the 3PP
company. Qin et al. (2020) addressed the SLSS of 3PP, which is provided to retailers that participate in the 3PP channel. They
analyzed the strategic and economic impacts of logistic service sharing and examined the equilibrium mode between 3PP and the
retailer considering the logistics service level and the market potential. Zhen and Xu (2022) dealt with a research question of whether
the retailer who has online and offline channels should adopt 3PP for the sales channel. In order to answer the research question,
they developed a Stackelberg game model and examined the retailer’s best choice on different channel competitions and the agency
fee. Zhen et al. (2022) addressed a similar research question of Zhen and Xu (2022) under various supply chain structures and two
directions of the spillover effect. They explored the impact of the direction of the spillover effect between sales channels by varying
the degree of channel competition and assuming the agency fee for using 3PP.

The abovementioned literature only investigated whether the retailer who owns its offline and online channels should expand
sales channels by utilizing the 3PP channel. However, in a setting where the retailer has determined to utilize the 3PP channel in
advance, there is a lack of research investigating the optimal way to operate both the retailer’s supply chain and the supply chain of
the 3PP. To fill these gaps, our study addresses the problem that the retailer has determined to utilize the 3PP channel in advance.
Furthermore, we aim to provide efficient logistics operations by minimizing the total expected cost from the perspective of the
retailer. We adopt RO as our solution approach, and several key papers in the RO research area will be presented in the following
section.

2.3. Robust optimization (RO)

RO is one of the approaches that deals with uncertainty in optimization problems (Xu et al., 2023). In contrast to other approaches
(e.g., stochastic programming and dynamic programming), RO does not need any assumption about the probability distribution of
uncertain parameters. But instead, it assumes that the uncertainty value belongs within a predetermined set, called the uncertainty
set. The goal of RO is to find the optimal solution under the worst-case, and the obtained solution should be guaranteed to be feasible
for any realizations of uncertain parameters in the uncertainty set (Ben-Tal et al., 2009). In order to make the RO model tractable,
the uncertainty set is generally defined as a convex set (e.g., box shape (Soyster, 1973) and ellipsoid (Ben-Tal and Nemirovski,
1999)).

Two types of decisions can be utilized for the multi-period decisions problem: (1) here-and-now and (2) wait-and-see. For the
here-and-now scheme, every decision is determined before the planning horizon starts (i.e., before every uncertain parameter is
revealed). In contrast, for the wait-and-see scheme, we can postpone making decisions until some of the uncertain parameters are
revealed. Therefore, the wait-and-see decision is less conservative than the here-and-now decision because it can be adjusted flexibly
according to the realized portion of uncertain parameters at each stage (Yanikoglu et al., 2019). However, it is complex to deal with
the wait-and-see decision because of the large feasible space of adjustable variables.

The adjustable robust optimization (ARO) is developed to deal with multistage problems, which commonly assume the multi-
period setting and consider adjustable variables to implement the wait-and-see decision. Because of tractability reasons, it is typical
to restrict feasible space by optimizing a certain type of parameterized function. This function is usually called the decision rule.
Several researches have used nonlinear functions for the decision rule (Bertsimas et al., 2011; Georghiou et al., 2015). However, a
broad body of literature has adopted the linear function for the decision rule, which is called the linear decision rule (LDR). Ben-Tal
et al. (2004) first presented the LDR for a production inventory problem. Because the LDR could lead problems to be reformulated
to be tractable, it has attracted considerable interest in many domains , and in particular, it has been widely utilized in inventory
management (Bertsimas and Thiele, 2006; See and Sim, 2010; Shin et al., 2020). The simplest version of the decision rule is the
static rule, in which decisions are fixed regardless of the revealed uncertainties. For some cases, the static rule has proved to be
optimal (See and Sim, 2010; Bertsimas et al., 2015; Marandi and Den Hertog, 2018).

The solution approaches of the abovementioned studies have focused on adjustable continuous variables. However, only a few
studies developed solution approaches to deal with adjustable binary variables: the K-adaptability approach (Hanasusanto et al.,
2015), the finite adaptability approach (FA) (Bertsimas and Dunning, 2016; Postek and Den Hertog, 2016), and the binary decision
rule (BDR) (Bertsimas and Georghiou, 2018). In particular, Lim and Wang (2017) developed the target-oriented robust optimization
(TRO) method to address the adjustable binary and continuous variables at the same time. TRO could provide a static rule that was
optimal for a multi-period inventory problem. By utilizing the strength of TRO, Lim et al. (2021) developed the TPA. In the TPA, they
decoupled adjustable binary variables and adjustable continuous variables for making decisions. TPA decided the adjustable binary
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Fig. 1. Supply chain network of the proposed problem. (For interpretation of the references to color in this figure legend, the reader is referred to the web
version of this article.)

variables by a static rule of TRO and resorted to the LDR for determining the adjustable continuous variables. The experimental
results showed that the TPA outperformed existing approaches, BDR and FA, for both solution quality and computational efficiency.

Even though the TPA has shown outstanding performance compared to existing approaches, it could not be scalable to our
problem. The TPA has required a significant computational burden for large-scale instances because our problem considers the
retailer’s supply chain (online and offline channels) and the supply chain of the 3PP (3PP channel) simultaneously. Therefore, our
study develops the DECOM approach, which could be scalable to large-scale problems.

3. Problem description and mathematical model
3.1. Problem description

We consider a model in which a retailer sells products, i € Z, to customers through several sales channels as shown in Fig. 1. By
following the assumption of Jiu (2022), we also assume that a retailer replenishes each individual product from a single supplier
(i.e., each product i can only be provided from the corresponding supplier i). Also, each supplier i has a limited production capacity,
s, Furthermore, we assume that each product i can only be provided from the corresponding supplier i. There are three types of
sales channels (1) a retailer’s offline channel, (2) a retailer’s online channel, and (3) the 3PP channel. The supply chain network
consists of multiple capacitated logistics centers, j € J, and offline stores, k € K, several logistics centers, j € J, operated by
the retailer, which is called DC, and the others, j € Jp, operated by the 3PP, which is called FC. In the case of the retailer’s offline
channel, we assume that the offline store k is located at each offline demand zone k. Therefore, each demand zone is fulfilled by
the corresponding offline store. For the retailer’s online channel, there are multiple online demand zones. On the other hand, for
the 3PP channel, we consider the aggregate demand for FCs because the 3PP company can deliver products from FCs to customers
using its SLSS. It should be noted that our model can be easily extended to the general case, the multiple online demand zones for
FCs, by defining the set of online demand zones for FCs. We do not anticipate any customer switching between channels if there
is a stockout. We consider some features of the omnichannel supply chain network by referring to Jiu (2022). In particular, we
consider one of the significant advantages of the omnichannel setup: The retailer’s online demand can be fulfilled by the inventory
held in the offline stores (i.e., the ship-from-store for online demands). In contrast to existing studies, we also consider transshipment
between DCs and suppliers’ production capacity in our model.

We accommodate the following features of the 3PP channel in our model by deeply investigating the business model of Coupang.
First, products to be sold in the 3PP channel are stored in the fulfillment center of the 3PP (i.e., FC). Therefore, the demand for
the 3PP channel is satisfied by inventories held in FCs. Second, even though the 3PP company implements logistics of fulfillment
on behalf of the retailer, the retailer should transport the replenished products from suppliers to the 3PP company’s FCs. After
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that, these replenished products are handled by the SLSS service of the 3PP company. Therefore, the unit replenishment cost from
suppliers to FCs, oc;j, Vj € JF, is determined based on the distance between supplier i and FC j. Third, the 3PP company delivers
products to satisfy demand in the 3PP channel on behalf of a retailer. In real business, the delivery fee is charged per product,
i, af jf" ,Vj € Jp, regardless of distances between FCs and customer demand zones. Therefore, the distance between an FC and the
demand zone is not considered for the fulfillment cost in the 3PP channel. Fourth, various types of additional costs are incurred
when using the 3PP channel as follows:

» Fixed participation cost (A*): A fixed participation fee could be incurred when the retailer uses the 3PP channel (Ryan et al.,
2012). We implicitly accommodate this type of fee in S}’, vj e Jp.

+ Warehousing cost (1°): Because the process for packaging and moving products is required when the 3PP company receives
products in FCs, the warehousing fee is charged per product to users. Therefore, we consider this type of cost in ocf/., vj e Jp.

« Inventory holding cost (A"): The 3PP company charges a storage fee to users when they store their products in FCs. Therefore,
this results in higher inventory holding costs when the retailer stores products in FCs instead of in DCs. We accommodate this
property in lhj.’,‘v’j € Jp-

In summary, the costs parameters S;’ , lhj.’ , and oc!; for the 3PP channel (Vj € J) are more expensive than they are for the retailer
(Vj € Jp). We reflect these features with parameters 4%, A", and °.

We consider a multi-period problem with a finite horizon divided into period ¢ € 7. For each period 7, the retailer makes decisions
for the replenishment, transshipment, allocation, and fulfillment, and the following sequence of an event is repeated:

1. At the start of period ¢, the quantity of product i replenished at 7 — L; period arrives at the logistics center j. The retailer
decides how many products to order for each logistics center j from each supplier i (i.e., replenishment decision, 5;'.’ and q}’).

2. The retailer then decides the transshipment quantity between DCs and how many products to allocate from DCs to offline
stores (i.e., transshipment and allocation decisions, u;_’j, and v;,’k).

3. Each type of demand is realized at the end of period . The retailer decides how many products to fulfill for each type of
demand, and from which DGCs, FCs, and offline stores to fulfill it (i.e., fulfillment decision, p{’ ,;1;', g;'(’k, and ). If customers
face a stockout, the demand gets lost, which is a general assumption in retail environments (Goedhart et al., 2023).

Fig. 1 describes the retailer’s supply chain and four types of decisions. We represent four types of fulfillment decisions with the solid
arrow in different colors. We utilize the notations in Table A.6 to formulate mathematical models.

The total cost incurred in the supply chain consists of eleven cost components: (1) the fixed cost to place an order, SI’Z’(S;’, 2)

the per-unit ordering cost, oci’jq;.’ , (3) the inventory holding cost for DCs and FCs, 1A’ x"'*!

) J70
it jt+1

stores, ok} y,""", (5) the stockout cost, pZ z;'(’, (6) the fulfillment cost from offline stores to online demand zones, o ]i’k,g;(’k,, (7) the

transshipment cost between DCs, tc}’j.,u’?_,, (8) the allocation cost from DCs to offline stores, ac;.’ku".’k, (9) the fulfillment cost from
DCs to online demand zones, ef ’f;rifk, (10) the fulfillment cost for offline demand zones, bf ,i’ pi’ , and (11) the fulfillment cost for the
aggregate demand for the 3PP channel, af Jf’ nj.'. We present the deterministic model (Ppgr) where all demand is known in Appendix A.

, (4) the inventory holding cost for offline

3.2. Stochastic optimization model with the demand uncertainty

In this section, we present the stochastic optimization model to accommodate the demand uncertainty. We use JL’ to denote
random demand k for product i at period ¢ for all i € T,k € K,t € T. The mean values of demand J,’;’ are denoted as dAj{’. Also, we
use d,i’ to denote the realization of the demand. Let d’ = (J,iT,Vi el.kek,re(l,.. ,t}) denote a collection of all demands from
period 1 to period ¢, and d denotes d”. The realization of the demand d’ and d are denoted as d’ and d, respectively.

In the proposed stochastic optimization model, we consider the adjustable decision variables to accommodate two different types
of decisions (i.e., anticipative and reactive manners). The adjustable decision variables can postpone the decision until some portion
of the demand is realized (i.e., wait-and-see decisions), which is different from the process that every decision should be made at
the start of period 1 (i.e., here-and-now decisions). We define the adjustable decision variables as presented in Table A.6. It should
be noted that only the 5;’(&’*1) are the adjustable binary variables, and the others are the adjustable continuous variables. In addition,
because 5;.’ (@, qj.’ ((i"l),x;’((i’ -, (d' 1), and v;'k((i’ -1) are decided at the start of period ¢, these decisions are determined based

on the anticipative manner. On the other hand, because p (d"), r/j.’ ), gl (), r;’k((i’ ), and zi(d") are decided at the end of period ¢,
these decisions are determined based on the reactive manner. For ease of the exposition, let 5(d) = (5}’ dhviel,jeJteT

denote a collection of the adjustable binary variables. We use notations z(d) and u(d) to denote a collection of the adjustable
continuous variables determined based on the anticipative and reactive manners, respectively:

z(d) = (q;.’((it_l), @yl @ o d T, vieljed. ) € J.keKo € T) .
p(d) = (;;;’j(d‘), n} (@d"). gy, @), r, (@), 2, (@), Vie 1.j € J.k € Ko.K' € Kp. kK" € K1 € T) .

If the demand is given as d, the total cost incurred in the supply chain is defined as follows:

I (8(d), n(d), p(d)) =
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it sit (qt—1 teqi—1 gt tlt+1 t 1, it qt t it cqr=1
PN DIIEHC )+§(Jc i@+ YR @Y+ Y okl @)+ Y plzld)+ Y rel il ()
J

ielTeT | jeJ

it it
+ Z Z € Yjk

JEJp kEK o

jed keko kek J€Jp j'€dp

@™+ X X efiri@+ DY ofigl, @)+ X bAl@) + Y affn@)|.

Jj€Jp kekp ke k'ekp keko JEIFR

We propose the following stochastic optimization model (Pgpoc) by accommodating the demand uncertainty:

(Pstoc)

min Eg [T (8(d). #(d). ud)] W
st. @) <gs'd). VieljeJueT @
D didH<s",  vieLrteT 3

jed
Y (xi@h+q @ E ) <50 i T !
! q; <X, j € Jp.t € @

i€l

> [

it—L
_1)+qj j(dt L/

he YW@= Y vd@ - Y W d <5, ViedpreT )

i€l J'€dp\lj} keko J'edp\li}
o i=Lh i it s . ,
M@ +q Ly > > W, @, VieljeJpteT 6)
J€Ip\U)

2 (yzui’-lw > v;?’k<&f-l>> <H  WkeKgreT @)
i€l J€Ip

Y A+ Y el d)+zld)=df, VieLkeKpteT )]
J€Ip kK'eko

pld) + 2 @) = dl, VieLk€eKyteT (©)]
> ontd)+ 2, @d)=di,,, VielieT (10)
JEIF
RS I N ' | b=l st L -1 it (Jt—1y _ it (qt—1y _ it (gi—1y _ it (qt
@) =@ g @ Y W@ - Y W@ - Y @ - Y oA, an
J€Ip\i} J€Ip\i} keko kekp
Viel,jedpteT
x;."""((i') =xI@dh+ q}k f(d' L=l -ni'd), VieljeJpiteT 12
@) = Y@+ Y od - Y gl @) - pld),  VieLkeKgteT (13)
J€JIp Kekp

qj.’(&’-l) >0, q;’(&’—l) 1S R’—l,aj.'(&’—l) e B, vieLjeJ,teT a4
x;’(&’—l) >0, xj.’((i’_l) e R, vieljeJ,teT?t (15)
W >0, fd " er, Vielke€KgteTt (16)
u;’j,(&’-l) >0, u;fj,(&’—l) e R, Vi€ Jp.j €EJpi€L,teT 17)
o @hH>o, ol @hHer-!, VviedpkeKkgicelteT (18)
pid) >0, p¢d) e R, VieL k€K teT (19)
) > 0,n(d) € R, Viel,jeJmteT (20)
gl d)>0,¢gl,@d)eRr, VieLkeKyk epteT 21
r;.’k((i’) >0, ryk(&’) eR’, Vviel,jeJp.keKpteT (22)
Zyd)20,z/d)eR, VielLkeKieT (23)

where R” and B functions are mapping from R/*™(K+D) to R and {0, 1}, respectively. The objective function (1) minimizes the
expected total cost incurred within the supply chain. Constraint (2) represents that if products are ordered, a fixed ordering cost is
incurred. Constraint (3) enforces that the total number of products replenished from supplier i cannot exceed the given production
capacity s. Constraint (4) enforces that the inventory of the FC j cannot exceed its capacity, ¥ ;» after products arrive. Constraint (5)
also represents the storage capacity constraint for the DC j considering the replenishment, transshipment, and allocation quantities.
Constraint (6) represents that the number of products transshipped from the DC j to other DCs should be less than the inventory of the
DC ;. Constraint (7) restricts that the inventory of the offline store k cannot exceed its capacity, j,, after products arrive. Constraints
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(8), (9), and (10) ensure that the demand is satisfied by inventories held in DCs, offline stores, and FCs, respectively. Moreover,
these constraints ensure that all unsatisfied demand becomes lost. Constraints (11), (12), and (13) are the balance equations for
inventories of DCs, FCs, and offline stores, respectively. Finally, Constraints (14)—(23) ensure that adjustable continuous variables
are non-negative real variables, except for 6}’(&”'), which are adjustable binary variables. The two advantages of adopting the 3PP
channel (i.e., (1) SLSS and (2) Customers in the 3PP channel) are reflected in the proposed mathematical model with Constraints
(4), (10), and (15). In detail, we accommodate the first advantage by defining the fulfillment decisions for the 3PP channel as ;1;.’ (),
which does not consider the index for the locations of customer demand zones, k, because the SLSS of the 3PP company delivers
product on behalf of the retailer. To accommodate the second advantage, we define Constraint (15), which ensures that the demand
for the 3PP channel can only be fulfilled by the supply chain operations of the 3PP. Therefore, the retailer can absorb the additional
demand by adopting the 3PP channel.

The Pgpoc aims to minimize the total expected cost, and every constraint must be satisfied for all demand realizations. The Pgroc
is the multistage stochastic optimization problem that is generally intractable to solve (Shapiro and Nemirovski, 2005). Traditionally,
dynamic programming or multistage stochastic programming methods are used to solve the stochastic optimization problem by
characterizing demand uncertainty with a known probability distribution. However, assumptions about demand distribution could
be unrealistic if a decision maker has insufficient demand data. If the gap between true demand and assumed distributions is large,
solutions derived from these methods could show poor performance in practice. Furthermore, the existence of &(d) increases the
computational complexity of Pgpoc significantly. Before explaining the proposed approach, we briefly introduce how we customize
the TPA for our problem in the following section.

4. A two-phase approach (TPA) based on robust optimization

TPA solves the proposed problem by decoupling binary decision variables and the continuous decision variables. The binary
decisions are determined with the static rule (i.e., 5(d~!) = &) by utilizing a TRO (Lim and Wang, 2017) in Phase 1. In Phase 2,
we adaptively decide the continuous variables by utilizing the LDR with an objective of minimizing the worst-case expected total
cost (Ben-Tal et al., 2004). In order to adopt a TPA, it is assumed that the demand JI’: is zf,"(’ mean random variables and fall in a
support set [d¥,d!| Vi € I,k € K,1 € T. Considering this assumption, the uncertainty set is defined as DY := {d! | d} < d <d!}
foreach d \VieI,ke K.t €T.

4.1. Phase 1 of TPA

The binary decisions are determined by utilizing the TRO aiming to maximize the size of the uncertainty set and make a total
cost lower than a predetermined cost target. Lim and Wang (2017) proved that a static rule is optimal for TRO formulation and
showed that the computational burden could be reduced significantly. In order to reformulate Py into the TRO model, we define
the adjustable uncertainty set for each d! as D{(y) := {d;;’ | J,i’ - yg(’ <dl < zf,i’ + yfli’} where EZ = zi,i’ —df and {' = d! - zf]"(’. For
notational convenience, let D'(y) = (D;'(T(y), Vke K,ie I, r€{l,...,t}) and D(y) = D’ (y). In addition, we define a cost target y to
restrict total cost to be no more than a predetermined value y under any demand realizations. We present the TRO model, Pyq,
as follows:

(Prro)
y* = max y
s.t. T'(8(d), m(d), p(d)) < v, vd € D(y)
Constraints (2)-(23), vd' € D'(y)
0<r=<1
The objective of the model is to absorb as much uncertainty as by maximizing the sizes of the adjustable uncertainty set. We
control the sizes of adjustable uncertainty set by adopting the new decision variable y (0 < y < 1). Simultaneously, the total cost
must be lower than a cost target y as indicated in the first constraint. The other constraints are the same as Pgroc. However, the

equality constraints (8)—(10) could cause an infeasibility issue if the static rule is adopted. Fortunately, we can overcome this issue
by allowing Constraints (8)—(10) to be relaxed from equality to inequality as follows:

(PTRO—R)
Y = max y 249
st. I'(8(d), x(d), u(d)) <y, vd € D(y) (25)
D P @) + Y gl @) +zi@d)>dl, VieLteT,kek, VdeD(@) (26)
J€JIp k'eko
pla)+zi@)>dl, Viel.teT.kekK,  VdeD() (27)
Y oAl +zh, @) >dy,,,  VieLteT, vdeD() (28)
JEIF
Constraints (2)—(7), (11)-(23) vd' € D'(y) (29)
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0<y<l1 (30)

It should be noted that Constraints (26)—(28) lead to y* < y’.
We define uncertainty variables ni and mi’ falling in N'(y) := {n}(’ [0<nl < yé:} and MI'(y) = {mf|0<ml <y},

respectively. By adopting uncertainty variables, we can tighten constraints in Prpg_g, and each demand can be represented as
dil = zi,i’ —n! +mil, Vi € I,k € K,1 € T. For simplicity, we use boldface notation to denote collections of ni,m{, N/'(y), and M}!(y) as

n = (nk,VtEIkelCre{l }),m' (mk,VIEIkEICTE{l t}),
N = (N, VieLkeK,re(l,...t}), My)= (M), VieLke K.t €(l,....1}).

By replacing di' with d' + mi’ in Constraints (26)—(28), Prgo_g can be approximated as follows:

(PTRO—A)
y" = max y
st. T'Sd),n@), pd) <y, vn' e N(),m' € M(y)
Z L)+ Z gl (@) +Z{(d") > dif + m! vieI,teT,keKp Vn' eN(y).m' eM()
j€dp Keko
pl@) + 2@ > di' + m!, VieI,teT,ke Ky, Vn' eN(y),m €M)
Z W@+ 2, @) > dE, +ek . VieLteT, vn'eN()m eM()
JETF
Constraints (2)-(7), (11)-(23), Vn’ € N'(y),m' € M'(y)
0<y<1

Because constraints in Pypq_, are tighter than those of Problem Pppo_g, it is obvious that y” <y’.

We consider a static rule; thus, decisions are fixed regardless of the revealed uncertainties. Therefore, every adjustable variable
is replaced with the decision variables of the deterministic problem (e.g., 5}’ a1 - 5;.’ and 6(d) — 8). We define the total cost for
the static rule as follows:

r'e.zu=
LX| L 5o+ Lol + L™+ X oo™+ i+ ¥ B ofipsi+ X B ey
i€l teT \jed JjedJ keko ke keko k'ekp J€Jp j'€dp
3 B edths T3 ke T ot + T erff )
J€Jp kekp JE€Jp kekp keko JETF
The static rule can be derived by solving the following Prro_s:
(Prro-s)
y* =max vy (3D
st. I''@G,mpw<y (32)
Do Y g+ 2dl+ml,  VieLieT,keKkp V' eN()m'eM() (33)
Jj€Ip Keko
pl+zl>dl +mll,  VieLieT,keKoy Vn' eN(@)m eM(@) (34)
Yoz, 2di ek,  VieLteT, vn' eN()m eM() (35)
JETF
Constraints (A.2)-(A.7), (A.11)-(A.23) (36)
0<y<l1 37)

We could know that y* < y” because decisions with the static rule are more restrictive than adjustable decisions. Before presenting
an approach to derlve an optimal static rule for Prpo_g, we use the notation 6 to denote a collection of uncertainty variables »’ and
mZ (i.e., 0= ( ;(’ s k, Viel, ke Kk, t€T)). Given y, let O(y) denote the support set of 0. For ease of the exposition, we represent
Prro_s as the following simple form:

y¥ = max vy

st. CO)k <ed), VO € O(y)
ke, VO e O(y)

where C(0) and e(0) represent all coefficients, and x and Y represent decision variables for the static rule and the feasible set,
respectively. We present the definition of the worst-case scenario of uncertainty as follows:



J. Lee and I. Moon Transportation Research Part E 184 (2024) 103466

Definition 1 (Worst-case Scenario of Uncertainty (WSU)). Given the coefficients C(6) and e(0) in Ppgg_g, we call an element
0(y) € O(y) as the WSU if for each k € Y that satisfies C(8(y))x < e(8(y)), it also satisfies C(0)x < e(0), VO € O(y).

We reformulate Prgo_g with the WSU 8(y) by replacing the right-hand side inequality Constraints (33)—(35) from zif(’ + mZ to
[ili’ +y¢ ;;’. Finally, the problem with the WSU is defined as the following deterministic problem:

(PstaTIc)
Y =max 7y
st. I'T'@S,mp<y
Zr;'k+ Y gl i >dl+yEl,  VieLteT.kekp

Kk
J€Jp k'eko
Pzl >dl 4yl YieLreT kek,
Donf g, 2di, 4, VieLieT
JETF
Constraints (A.2)-(A.7), (A.11)-(A.23)
0<y<l1

Let & denote the optimal solution of & obtained by solving the Pyraric. Because the constraints of Py are more restrictive than
those of Prro_g, we have y' < y* < y”. Interestingly, Lim et al. (2021) shows that y© > y* > y” in Theorem 1. Therefore, we have
y" =y"; thus, the optimal solution of the deterministic problem Pgparc is also optimal for Prgg_a-

By controlling the cost target y, a decision maker could choose the degree of conservativeness for the obtained solution. To
determine the proper value for y, we utilize the following affine function of ¢, which is called the target coefficient:

w(@) =10 = () + v
where v(1) and v(0) is the optimal objective of the following deterministic problem:

(Prpa—vy))
v(y) =min I'* (8, 7, )

it it it ni =it -
sty e+ Y gl i 2dl+yEl,  VieLteT,kekp

J€JIp K'eko
P+ 2l > dl 4y 2T, VielteT,kek,

it | it St Zit :
Z"j+ZK+12dK+l+yCK+1’ VieIlteT
JETF

Constraints (A.2)-(A.7), (A.11)-(A.23)

If the ¢ is close to zero, the conservativeness of solutions is increased; otherwise, it is decreased. Until now, we briefly introduced
the principle of the TRO approach in this section. For further information, we recommend readers refer to Lim and Wang (2017)
and Lim et al. (2021).

4.2. Phase 2 of TPA

In Phase 2, we determine the adjustable continuous variables with fixed binary decisions & obtained in Phase 1. As mentioned in
Section 4.1, without any knowledge on the true demand distribution, only the mean of dN;'c’ (.e., cf,i’) and the support set [g;j s d_jc’ ] are
given. In order to deal with distributional ambiguity, we adopt the solution approach proposed by Gilboa and Schmeidler (1989).
We first consider F as a family of distributions of d, and the mean support set D= (15;(’ NVkek,ieIl,teT ) Let P denote any
distribution of d included in F, P € F; thus, we have E, [(ﬂ eD. Considering a family of distributions 7, we solve the following
problem with the objective of minimizing the worst-case expected total cost:

(PAro)
i Ep [T (m(d), u(d
min glg]):( P [ (n(d),ﬂ(d))]
st. qldH<gsl, vieljeJguer, vd'eD™!
Constraints (3)-(23), vd' e D’

with the fixed binary decisions 5;.’ . Because it is generally intractable to solve P,gq, we rely on optimizing parameterized functions,
where the feasible space is restricted to linear functions (i.e., the LDR (Yanikoglu et al., 2019)). For each adjustable continuous
variable, we define the following LDR:

t—1
g (d7") = q;_”" + Z Zq}"‘”d;’, Viel,jeJ,teT

ce =1

10
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X (a1 = +ZZ Xl viel,jedeTt
ceEK =

Yy =504 Y Zy”'” v, VieLkeKorteT*
ceK 1=

(dll 110+Zznﬁrdn- Viel,jGJvaIEJD’teT
cek =1

(dt 1 1!0+ Z Z tra‘rdn- ViGZ,jGJD,kEICO’IET
ceEX 1=

—p;’°+zz torgic. VieILkeKgt€T

ceEK 1=

+22n””d” VieljeJmteT

ceEX 7=

gl (d) = g;’k(,) + Z Zg,’(’k‘,"d” VieLk€Kyk €eKp,teT
cek =

(d) = "°+22 Pt vieljeJpkekpteT

ceK 1=

d) = ”°+22z"‘”d” vielkeKteT
o€k r=1
If the coefficient of the LDR is given, each type of decision is determined as demand is unveiled. We present P, ,z in Online Appendix
A of the supplementary material. We could obtain the coefficient of the LDR by solving P, ,z considering coefficients as decision
variables. We develop the Pz based on Theorem 2 in Lim et al. (2021). P pg can be transformed to the linear deterministic
model by duality theory (Ben-Tal et al., 2009). Consequently, the coefficient can be obtained by solving the linear deterministic
model with a commercial solver. We present the linear deterministic model transformed from the P; z in Online Appendix B of the
supplementary material.

5. A decomposition approach (DECOM)

Given cost target y, three MILP models (Prpa_,)> Prpa—v(1)> @nd Pgraric) and one linear programming (LP) model (P pg) must
be solved for applying the TPA. However, the existence of the supply chain of 3PP and the production capacity constraint increases
the complexity of the problem because two supply chains, one for the retailer and the other for the 3PP, should be considered
simultaneously. Therefore, it requires a significant computational burden to solve the three MILP models. To alleviate this issue,
we develop a DECOM approach which can be regarded as an extended version of the TPA. The key idea of DECOM is to adopt the
artificial variable w'. A collection of the artificial variable is denoted by w = (w",Vi € I,t € 7). The production capacity constraint
(A.3) in Ppgy is reformulated as the following constraints by introducing decision variables w:

z q;.' < s'w', VieIlteT (38)
Jj€Jp
qu.’ﬁs”(l—w”), VieIlteT (39)
J€IF
w >0, VvieIlteT (40)

There are two advantages to using variables w. First, given w, the feasible region for variables ¢",Vi € I,j € J,t € T can be reduced.
Second, Prp,_,(,) and Pgraric can be solved separately for a retailer’s supply chain and the supply chain of 3PP. Consequently, these
two advantages could significantly reduce the computational burden, and experimental results will be presented in Section 6.

5.1. Phase 1 of DECOM

Phase 1 of DECOM aims to determine the binary decision 8, which is similar to Phase 1 of the TPA. Of special note, we also
determine the artificial variable w in Phase 1. We use the 6, 7, and u;, to denote a collection of variables for the retailer’s supply
chain and the 6, x, and uj for the supply chain of 3PP as follows:

6D=(5;’,Vie1,jeJD,reT), 5F=<5;l',vl'ez,jeJF,zeT),
n'D—(q Xt ,yk,u . jk’ VIEIJEJD,j GJD,kelCo,teT> JrF=<qj.’,x§.’, VieI,jeJF,t€T>,

11
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Up = (,,;‘g,ggk,,r;’k,,zg,,, Viel,jeJp.keKyk eKp k" ek te T), Up = (n;l’,z",’<+l, Viel,jeJp.te T).

Given 6, 6p, 7y, Ty, Up, and up, the total cost for retailer’s supply chain is defined as

FTD (50,7507#[)) =

22| X Sja+ X o+ X iy B ol ¥ pini+ 3 B ofjs

i€l reT \jedp J€JIDp J€JID keko kexk— ke k'ekp
it it it it it it it it
+ 2 refyuy+ 3, D aciul+ X Y e+ Y b
J€JIp j'€dp JjeJp kekp jedp kekp keko

and the total cost for the 3PP supply chain is defined as
ryorrrn) = S3( T spis T oas Tt s T o).
i€l teT \jeJfr JEIF JEIF JETF

In Phase 1, we first solve the following MILP problem to determine w:

(PpEcoM-v(1))
v()=min '} (8p. 7. pp) + T'h (85, mp, i)
s.t. z q;.’ < s, VieIl,teT

Jj€Jp
z q}’ﬁs”(l—w”), VieIl,teT
JETF

it it it it Zit ;
erk+ Z g T 7 2 d + ¢, VieIlteT,kekp
j€Jp K'eko
i it Jit Zit .
oy +zl =dl + &, vieLteT, kekKy

it it it Zit :
an+zK+lsz+l+§K+l, VieIlteT
JETF
w' >0, iel,teT

Constraints (A.2), (A.4)-(A.7), (A.11)-(A.23)

Let @ denote the optimal solution of w. We use Ppgcom-,() to determine w because of the following two reasons. First, we utilize
Ppecom-v(1y to obtain the robust solution of w. Because Ppgcom-,(1) considers the WSU with y = 1, it is obvious that the robust
solution of w could be obtained. Second, because the optimal value v(1) of Ppgcom-, (1) is used to get the cost target for applying
the TRO approach, it is not mandatory to implement another unnecessary scheme to determine w, which could save computational
time. Note that the w is not used for actual decisions (i.e., replenishment, transshipment, allocation, and fulfillment). The w is only
used to decompose the proposed problem and reduce computational times.

Let 55),1‘:;),;‘4;),5;,7‘5},, and, f1}, are optimal solutions of Problem Ppgcop_, ). We define vy (1) = I'}) (Si),l_tl[),[_llD> and vp(l) =

F; (3; it}, ;‘4}), and the sum of v (1) and v(1) is equal to v(1). Then, we solve the following problem to get value v(0) with fixed
value w:
(PpEcoM-v(0))
vw(0) =min ') (8p. 7. up) + I'h (85, 7p, )
it it =it -
s.t. Zq}ﬁs’w', VieIlteT

J€Ip
Zq}’ss”(l—w”), viel,teT
JETF
it it it Jit -
Yo+ Y g+ zdl,  VieLieT,kekp
J€JIp k'eKo
it it Jit .
Ptz =2d., VieLteT,kekKy
it it it .
2’7,'+Z1<+12 K41’ VieIlteT
JEIF

Constraints (A.2), (A.4)-(A.7), (A.11)-(A.23)

The first and second constraints use the fixed value @, which is obtained by solving the Pppcop—y ). Let 3%,7’:%, p%,fi(;,ir%, and,
7Y, are optimal solutions of Problem Ppgcop ). We have vj(0) = I') (S%,z‘r%, ﬁ%) and vp(0) = I', (5(;,:??,, ;‘4?,), and the sum of
vp(0) and v (0) is equal to v(0). In contrast to the procedure of the TPA, DECOM adopts two cost targets, w, and y, one for the
retailer and the other for the 3PP. The y, and y are determined with the following two affine functions of ¢, respectively: (1)

wp(@) = (1= d)vp(1) + ¢vp(0) and (2) wr () := (1 — P)vp(1) + dvp(0).

12
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Given @, the stochastic optimization model Pgpoc can be decomposed into two models, one for the retailer’s supply chain and
the other for the supply chain of the 3PP. For each model, we could derive two MILP models, Pgpatic_p and Pgparic_g, by applying
the TRO approach presented in Section 4.1. Pyratic—p and Pgraric_p are formulated for the retailer’s and the 3PP supply chains,
respectively. In the case of the TPA, the y*, which is for maximizing the adjustable uncertainty set, is the same for the retailer’s and
the 3PP supply chains. On the other hand, in DECOM, we define 7’2—) for the objective value of Pyraric_p, and y; for the objective

value of Pgratic—g- Pstatic—p and Pgparic_p are presented as follows:

(PstaTiC-D)
YI) = max

s.t.

(PstaTIC-F)
yj', = max

s.t.

Let 6, and &, be optimal solutions for &, and 6, obtained by solving the Problems Pgrarc_p and Pgraric_p, respectively.
Consequently, the 8, and 8, will be used for binary replenishment decisions in Phase 2 of DECOM.

Y

F'f) Sy myp) < yp
q}’sqjéj.’, VieLl,jeJpteT

Z q;.’ < s, VieIl,teT

Jj€Jp

Do Y g+ zdl 4y, VieLieT.keky
J€Jp k'eko

A+l >dl 4yl VieLteT,kek,

qj.' zo,aj.’ € {0,1}, viel,jeJp,teT

x>0, Viel,jeJpteTt

zi >0, Viel,ke K ,teT

Constraints (A.5)—-(A.7), (A.11), (A.13), (A.16)-(A.19), (A.22)
0<y<l1

v
I (&,m,m <yp

¢ < s, VieLl,jeJmteT
Z ¢! <s"a-a"),  vielteT

Jj€Ip
it it Jit Zit .
Z M+ 2y 2dgy ey vielLteT
JEIF
q;'.’ zo,&;’.’ e€{0,1}, Viel,jeJpteT

x>0, VieljeJmnteTt
2, 20, vieILteT
Constraints (A.4), (A.12), (A.20)

0<y<l1

5.2. Phase 2 of DECOM

The goal of Phase 2 of DECOM is to determine the adjustable continuous variables, which is similar to the goal of Phase 2 of
the TPA. However, a key difference between these two approaches is that Phase 2 of DECOM utilizes the solution for the artificial
variable @ obtained in Phase 1. In addition, by using the fixed @, we can decompose the P,y into the following two problems

Paro-p and Pago_g:

(Paro-p)
min max
PeF

s.t.

Ep [FD (”D((i)’ Ilo(‘i))]

q;’(d’—l) <qsY, ieL,jedpteT, vd~! e D!
Z '@ <s"a",  VieLieT, vd'eD"!

J€Jp

/@ Hz0q/@Her", VieljelpteT

MdHzoxid@Her™, vieljepteTt

Z/(d)>0,z/@d)eR, VielLkeK ,teT

Constraints (5)—(9), (11), (13), (16)-(19), (22)  vd' e D'

13
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(Paro-F)

' E, [T i d
minmax B [T 5 (mp(d), pp(d))]
stoqi@)<qdl,  vieljeJpieT,  valep-!

> d@H<s'a-w"), VielreT, vdeD"!
JE€TF
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In order to restrict feasible space to linear functions, we also utilize the LDR for each adjustable continuous variable. The LDR
for a retailer’s supply chain is defined as
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and for the 3PP supply chain is defined as
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Fig. 2. Frameworks of TPA and DECOM.
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Based on the above LDR, we present P; pr_p for the retailer’s supply chain and P;pz_p for the 3PP supply chain to obtain the
coefficient of LDR. P; pr_p and P; pr_p are presented in the Online Appendix C of supplementary material.

By following the same logic outlined in Section 4.2 and in the Online Appendix B, P; pr_p and P; pr_r also can be reformulated to
the linear deterministic model using the duality theory. In summary, we must solve four MILP models (i.e., Ppgcom—u(1)» PpECOM-v(0)s
Psratic—p> and Pgratic_p) and two LP models (i.e., Pipr_p and P;pr_g) to implement the DECOM approach. Fig. 2 presents
frameworks of the TPA and DECOM.

6. Computational experiments

In this section, we conducted extensive experiments to answer the research questions presented in Section 1. Research question
1 is addressed by the results in Sections 6.1 and 6.2.1. Research question 2 is answered by the results in Sections 6.2.2 and 6.3.1.
The experimental results in Section 6.4 address Research question 3.

We compare our developed approach with the two benchmark algorithms: TPA and an alternative two-phase approach (DTPA).
The DTPA determines the adjustable binary variables 8(d) with the static rule by solving the expected value problem, i.e., the
deterministic model Pppy with mean demands (Lim et al., 2021). On the other hand, the adjustable continuous variables are
determined by applying Phase 2 of the TPA. A PC with an AMD Ryzen 2700X 7-Core CP, 3.60 GHz processor, and 16 GB of RAM
with a Windows 10 64-bit system was utilized to conduct every experiment. In addition, every test instance is generated using
Python 3.8 with the libraries SciPy and Numpy. The DTPA, TPA, and DECOM were developed with FICO Xpress 8.6, and we solved
every model by utilizing the Xpress-Optimizer with its default parameter settings. In addition, we set the integrality gap tolerance
in Xpress to one percent by following the setting of Lim et al. (2021).

We determine the constant parameters in the mathematical model by referring to the parameter setting of Jiu (2022). Parameters
are generated randomly by following the uniform distributions in Table B.7. The replenishment lead time L' is generated by the
discrete uniform distribution. The continuous uniform distribution is used to determine the rest of the parameters. The locations
of logistics centers and offline stores are distributed uniformly over the 50 x 50 XY plane. We determine ocl?j,tc;’_,,ac;’k, and ef /’;(
based on the Euclidean distance between each location. Even though we consider the offline fulfillment cost in the mathematical
models for the sake of generality, we set bf, ,i’ = 0 because offline purchases by walk-in customers do not incur any fulfillment cost.
In order to accommodate a property that the costs S;’ ,lhj.’ , and oc/, for the 3PP channel are more expensive than they are for the
retailer, we multiply 4° and A" to the lower and upper bound of parameters S’ and lh;’ , Vj € Jp, respectively. Also, we determine
the ocl?j, Vj € Jr by multiplying 4° on the distance between supplier i and FC j. We set 4° = 1.5, 4" = 1.5, and A° = 1.0 for all
experiments, except for in Section 6.4.2.
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Table 1
Experimental results on symmetric demand distributions.
Beta(0.3,0.3) Beta(l,1) Beta(4,4)
T=4 T=7 T =10 T=4 T=7 T=10 T=4 T=7 T=10

DTPA LDR(x10?)  56.97 90.03 141.82  54.09 115.22 138.23 52.37 127.06 146.25
SIM(x10%) 57.18 89.84  141.94  53.88 115.37 138.12 52.27 127.04 146.36
Gap(%) 31.67 28.66 20.76 33.20 28.27 13.94 20.24 21.30 27.33
Std(x10%) 3.52 6.68 7.43 3.78 5.44 3.94 1.39 1.40 2.92
CPU(s) 1.49 11.79  24.43 1.86 8.68 29.22 0.88 8.93 29.63

TPA LDR(x10%) 49.19 77.79 128.29 46.13 99.00 131.75 47.88 114.21 126.09
SIM(x10%) 49.19 77.81 128.29  46.13 99.02 131.74 47.89 114.17 126.06
Gap(%) 13.27 1143  9.14 14.05 10.09 8.67 10.15 9.01 9.68
Std(x10%) 0.69 0.83 1.13 0.36 0.84 0.93 0.31 0.67 0.42
CPU(s) 1.37 9.90 35.53 1.14 8.86 24.10 0.96 9.19 55.44
¢ 0.0~0.4 0.0 0.2 0.2~0.6 0.2 0.2~0.4  0.0~0.8 0.2~0.4 0.2

DECOM LDR(x10%) 49.19 77.72 128.56 46.02 99.29 132.33 47.88 114.58 126.14
SIM(x10%) 49.19 77.74 12855  46.01 99.31 132.32 47.89 114.55 126.12
Gap(%) 13.27 11.32 9.37 13.76 10.42 9.15 10.15 9.37 9.72
Std(x10%) 0.70 0.83 1.14 0.36 0.87 0.93 0.31 0.65 0.43
CPU(s) 0.92 8.46 10.84 0.82 4.86 13.13 0.78 1.05 13.98
¢ 0.0~0.4 0.0 1.0 0.0 0.2~1.0 0.0~0.4 0.0~1.0 0.6 0.0

EVPI (x10?) 43.43 69.83 117.54 40.45 89.95 121.23 43.48 104.74 114.94

We assume that the sum of every demand for product i at period ¢ falls in [80, 120], i.e., >, < d;;’ € [80,120], Vi € I,t € T, except
for the robustness analysis in Section 6.3.1. To determine each demand k € K, we define the share of each distribution channel
for Y, d,i’ as: (1) a; for the retailer’s offline channel, (2) a, for the retailer’s online channel, and (3) a3 for the 3PP channel.
We set ¢ = 0.2,a, = 0.3, and a3 = 0.5. Each channel’s demand is generated by the assumed demand distributions, which fall
in the corresponding support set represented in Table B.8. The mean demand cf}{’ is determined according to the assumed demand
distribution. Even though we assume the demand distribution to generate random demand, every algorithm is implemented without
any knowledge about the demand distribution.

In order to analyze the effects of the production capacity constraint, we define the following affine function of ¢ to determine
the s':

1@ i=ex Y A+ (1-x2 Y di.
kek kek
where 0 < ¢ < 1. According to the above affine function, the production capacity becomes insufficient as the & is close to one.
Otherwise, there is sufficient production capacity when the ¢ is close to zero. The value of ¢ will be set as zero in most experiments
in the following sections. However, we will evaluate the performance of developed approaches and implement cost analysis by
varying the ¢ in Sections 6.2.2 and 6.3.2, respectively.

6.1. Performance analysis in small problems

In this section, we compare DECOM with benchmark algorithms in small problems. In Section 6.1.1, we validate DECOM under
symmetric and asymmetric distributions. In Section 6.1.2, we evaluate the effectiveness of adopting Ppgcom-,(1) in determining the
artificial variable w.

6.1.1. Experiments under symmetric and asymmetric distributions

We have conducted various experiments for the two purposes. First, we validate the obtained decision rule through Monte Carlo
(MC) simulation. Every MC simulation is implemented with 500 samples. Second, we evaluate our approach for symmetric and
asymmetric demand distributions. We utilize the beta distribution by referring to Jiu (2022). In this section, we set I = 3, K, =
3, Kp =3, Jp =2, Jp =2. We have tested on this setup with three different planning horizons: T =4, 7, and 10. Furthermore, we
define the set of candidate parameters @ to find the best cost target. We use the notation ¢* to denote the target coefficient, which
shows the best performance. We consider six candidate values for ¢ as @ = {0.0,0.2,0.4,0.6,0.8,1.0}. Note that we use notation
‘a ~ b’ to indicate that multiple values of ¢* € ®@ between a and b show the same best performances (i.e., a < ¢* < b).

First, we have conducted experiments on three types of symmetric distribution, Bera(0.3,0.3), Beta(l,1), and Beta(4,4), and
experimental results are reported in Table 1. We provide shapes of symmetric and asymmetric distributions in the Online Appendix
D of the supplementary material. In Table 1, “LDR” means the objective value of P pr with the fixed order cost S¥§% for the TPA,
and the sum of objective values of P|pr_p and P;pr_p with the fixed order cost for DECOM. The “SIM” indicates the expected
total cost implemented by MC simulation utilizing the obtained decision rule, and the “Std” is the standard deviation of the total
cost for 500 samples. The “CPU(s)” means the computation times in seconds. We adopt the expected value of perfect information
(EVPI) to evaluate the solution quality of each algorithm. To derive the EVPI, we solve the deterministic model Ppgt under the
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Fig. 3. Box plots for the total cost for 500 samples for every algorithm.

perfect information setting (i.e., the deterministic demand setting). We use the “Gap(%)” to measure the solution quality, which is
calculated by (SIM — EVPI) x 100/EVPL

Every experimental result of the TPA and DECOM was reported by adopting the best target coefficient ¢*. The values of LDR
and SIM were indifferent, which meant that the obtained decision rule achieved our goal (i.e., minimizing the expected total cost).
In terms of solution quality, the Gaps of the TPA and DECOM were around 10 percent. However, the Gap of the DTPA was bigger
than 20 percent, except for a result for Bera(l, 1) with T = 10. As shown in Fig. 3, the total cost of the TPA and DECOM was similar
and significantly lower than the total cost of the DTPA. Also, the standard deviation of the TPA and DECOM was relatively small
compared to that of the DTPA. For symmetric distributions, there is a tendency for the best solutions of the TPA and DECOM to be
derived when the value of ¢* is small. This tendency meant that conservative binary decisions were necessary when the demand
distribution was symmetric.

Second, we have conducted experiments on four types of asymmetric distribution, Bera(2,5), Beta(5,2), Beta(1,6), and Beta(6, 1),
and the experimental results were reported in Table C.9. As in the case of symmetric distributions, the values of LDR and SIM
were indifferent when the demand distributions were asymmetric. However, when the beta distributions were skewed to the right
(Beta(a, b), a < b), the Gap was bigger compared to the beta distributions skewed to the left (Beta(a, b), b < a). The binary decisions
with the static rule 6 could be too conservative for the beta distribution with a < b because the realized demand was usually smaller
than the mean value. Also, because the realized demand was relatively small, the ¢* value was high compared to the symmetric
distributions. On the other hand, when the beta distributions were skewed to the left (Beta(a, b), b < a), the Gap was smaller than
10 percent. Because the realized demand was usually bigger than the mean value, there was no doubt that robust solutions were
necessary; thus, the ¢* value was small.
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Fig. 4. Comparison of performance between TPA and DECOM in terms of Gap and CPU(s).

As shown in Fig. 4, the performance of TPA and DECOM were compared in terms of solution quality (Gap) and computational
efficiency (CPU(s)). Among 21 results of experiments (9 for the symmetric distribution and 12 for the asymmetric distribution),
the number of wins of DECOM and TPA was indifferent regarding the Gap (i.e., DECOM — 8, TPA — 9, and the same performance
— 4). However, for CPU(s), DECOM outperformed TPA except for one result (i.e., DECOM — 20 and TPA — 1).

6.1.2. Impact of the artificial variable w on the performance of DECOM

As indicated in Section 5.1, DECOM determines the artificial variable w with the optimal solution w obtained by solving
Problem Ppgcom-y(1)- Then, Problem Pppcopm-—y ) is solved with the fixed value @. In order to evaluate this scheme, we validate
the performance of determining w with Ppgcopm-y () Py comparing with the following two alternative methods. The first method
determines w with the optimal solution w obtained by solving Problem Pppcop—y (). Thereafter, Problem Pppcop—y ) was solved
with the fixed value w, which is the opposite procedure of the proposed approach. The second method utilizes the information of
mean demand zi]i’ to determine w as follows:

_ ZkeICOuICD dA/I:

Zkel(? dA/I:
This simple method could be effective because w can be interpreted as the predetermined ratio dividing the production capacity s
for the retailer’s supply chain and the supply chain of the 3PP, respectively (referring to Constraints (38)—(40)).

In Table 2, we compared the above three methods determining w. We utilized the problem instances presented in Table 1, and
¢ was set as zero. In the first column, “WP,,” is the proposed method in this research, as illustrated in Section 5.1. “WP, " is the
first alternative method, and “RATIO” is the second alternative method. In terms of solution quality, we could observe that WP,
outperformed other methods for all experiments. WP, had poor solution quality because this method provided the aggressive
decision to the uncertainty. In terms of computation times, we found insignificant differences between every method.

To investigate the impact of w, we conducted a sensitivity analysis on w. For ease of exposition, we use the expression “w = g”
to denote w' = B,Vi € I,t € T. Table 3 shows the solution quality (Gap) derived from each value of w",Vi € 1,t € T, and we
highlighted the smallest value of Gap within f = 0.1,...,0.9 in boldface at each experiment. The solution obtained with w = 0.5
showed the best performance, except for T = 4. Also, as the value of § deviated from 0.5, the solution quality became poor. The
solution with the setting of w = 0.5 yielded a smaller gap compared to RATIO. However, WP, outperformed the solution with
w = 0.5 in all experiments, except for in the case of Bera(4,4) with T = 7. For experiments with T" = 10, we reported the values of
w' Vit returned by WP, in Table C.10. Table C.10 shows that WP, returned the different value of w" depending on the values
of i and 1.

wl!

s VieIlteT.

6.2. Computational efficiency of DECOM

In the previous section, we observed that DECOM could alleviate the computational burden in small problems. Therefore, this
section aims to validate the computational efficiency of DECOM in detail for various test environments. In this section, we set ¢ = 0.0
for DECOM and TPA, based on the results of Section 6.1.1. We validate the computational efficiency of DECOM for large-scale
problems. In addition, we vary the production capacity and compare the DECOM and TPA in detail.

6.2.1. Experiments in large-scale problems

In this section, we have conducted several experiments to examine the computational efficiency of DECOM in large-scale
problems. For every experiment, we fix the value of T, K, and K as 7, 5, and 5, respectively. In addition, we vary with the
value of 1,J), and Jp to change the problem scales, in which the M (= |I|,|Jp|.|JF|) varies from 3 to 10. We assume that the
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Table 2
Experimental results on three methods for the artificial variable w.
Beta(0.3,0.3) Beta(1,1) Beta(4,4)
T=4 T="17 T =10 T=4 T=17 T=10 T=4 T=17 T=10
WP, LDR(x10%) 49.19 77.72 128.58 46.02 99.34 132.33 47.88 115.42 126.14
SIM(x10%) 49.19 77.74 128.57 46.01 99.36 132.32 47.89 115.40 126.12
Gap(%) 13.27 11.32 9.39 13.76 10.47 9.15 10.15 10.18 9.72
Std(x10%) 0.70 0.83 1.12 0.36 0.86 0.93 0.31 0.65 0.43
CPU(s) 0.91 8.65 11.01 0.82 4.36 12.93 0.78 8.01 14.93
WP, LDR(x10%) 86.55 139.77 230.29 83.09 164.27 221.10 93.34 193.40 219.03
SIM(x10%) 87.12 140.27 231.10 82.38 164.89 220.83 93.53 193.29 219.09
Gap(%) 100.60 100.86 96.62 103.66 83.32 82.16 115.14 84.55 90.61
Std(x10%) 12.06 16.86 9.83 8.75 12.08 14.03 5.01 6.95 8.29
CPU(s) 1.78 10.15 13.16 1.93 5.41 14.78 1.08 11.18 17.22

RATIO LDR(x10%) 50.32 78.64 131.18 46.95 101.36 135.55 49.07 116.00 129.95
SIM(x10%) 50.34 78.68 131.17 46.94 101.38 135.54 49.07 115.96 129.93

Gap(%) 15.92 12.67 11.60 16.06 12.71 11.81 12.87 10.72 13.04

Std(x10?) 0.91 1.05 1.16 0.43 0.87 1.00 0.32 0.68 0.46

CPU(s) 0.78 8.14 10.12 0.98 4.80 13.90 0.88 7.67 15.35
EVPI (x10?) 43.43 69.83 117.54 40.45 89.95 121.23 43.48 104.74 114.94

Table 3
Experimental results on the solution quality (Gap (%)) by varying the value of w.

Beta(0.3,0.3)
w=0.1 w=02 w=03 w=04 w=0.5 w=0.6 w=0.7 w=038 w=09

Gap (%) T=4 233.45 198.05 14.33 15.86 14.58 18.03 19.04 27.09 198.05
T=17 343.12 56.10 15.10 12.62 11.96 14.45 19.25 66.10 360.15
T =10 325.82 62.48 13.63 11.61 11.04 12.83 16.63 67.40 314.89
Beta(1,1)
w=0.1 w=02 w=03 w=04 w=0.5 w=0.6 w=0.7 w=08 w=09
Gap (%) T=4 226.62 20.50 15.16 16.08 15.78 14.79 19.17 26.92 184.62
T=17 259.77 45.50 14.83 12.69 12.28 14.81 15.45 47.32 280.37
T =10 314.96 63.73 13.79 11.81 11.58 13.90 17.08 59.96 306.17
Beta(4,4)
w=0.1 w=02 w=03 w=04 w=05 w=0.6 w=0.7 w=08 w=09
Gap (%) T=4 198.57 31.84 14.07 12.86 11.70 13.14 15.74 26.60 201.11
T="7 219.92 40.00 11.97 10.76 9.03 12.52 14.22 26.60 205.42
T =10 347.75 75.10 15.14 13.06 11.55 14.16 17.19 70.42 334.41

demand distribution follows Beta(1,1). Based on the experimental result for Beta(l,1) in Table 1. When solving the MILP models,
we terminate the commercial solver if the time limit is reached and output the feasible solution obtained so far (i.e., 3600 s).

We present experimental results for large-scale problems in Table C.11, which presents Gap, Std, CPU(s), and EVPI. We keep
in mind that Ppgy is @ MILP model; thus, significant computational power is necessary to solve it 500 times to obtain the EVPI
in large-scale problems. Therefore, we utilize the “alternative” EVPL In the alternative EVPI, we first obtain the optimal binary
solution & by using Phase 1 of DECOM. Then, we fix the binary variable with the value & to make Ppgr as an LP model. Therefore,
Pper can be solved 500 times with perfect information within a reasonable time. To avoid confusion, the obtained value from the
alternative EVPI is also indicated by the term “EVPI” in Tables C.11, C.12, and C.13. The DTPA had the largest value for Gap and
Std compared to other approaches, which meant the solution quality of the DTPA was poor. DECOM and TPA had similar values
for Std, but DECOM showed the best performance regarding solution quality (Gap). In addition, it required less computation time
to implement the DECOM compared to the TPA (CPU(s)).

We analyze the computational efficiency in detail with the following five types of CPU(s): “Phase 1, “Phase 2”, “P,,”, “P,,”,
and “Pgyaric”’- The meaning of these five types of CPU(s) is presented in Online Appendix E of supplementary material. Fig. 5 presents
the CPU(s) of Phase 1 and Phase 2 for three approaches. The DTPA could finish Phase 1 within a relatively short computation time
compared to the TPA and DECOM. The DTPA and TPA required similar computation times to conduct Phase 2. However, DECOM
required less of a computational burden compared to the DTPA and TPA to conduct Phase 2.

Fig. 6 depicts the CPU(s) of Py, P ), and Pgparic for TPA and DECOM. For P,(;), the performance of the TPA and DECOM
was indifferent. However, for P, ), DECOM required a much shorter time to solve the problem than TPA. The DECOM could finish
the procedure for P, within a short time because the feasible region was substantially reduced by fixing the value for @. When
M > 4, TPA could not solve the Problem Pgpapic until the time limit (1 h). On the other hand, when M > 6, DECOM could not
solve Problem Pgraric_p within the time limit; but, Problem Pgraric_g could be solved in less than a second. In addition, DECOM
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Fig. 5. Computation times of Phase 1 and Phase 2 for three approaches in large-scale problems.
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Fig. 6. Computation times of P, P,(), and Pgpapyc for DECOM and TPA in large-scale problems.

could provide high solution quality compared to TPA, although both approaches could not finish the procedure for Pgrsic within
the time limit.

In real-world cases, retailers have to handle various types of products in their supply chain. Therefore, we have examined the
performance of DECOM on different product numbers based on the problem instances presented in Table 1. In Table C.12, we
compared DTPA, TPA, and DECOM by varying the product numbers from 50 to 200. Similar to previous experiments, DTPA provided
poor solution quality. In contrast, DECOM and TPA could provide high solution quality, in which the Gaps were about 10 percent
for all results. Furthermore, we could observe that DECOM outperformed TPA regarding both Gap and CPU(s).

6.2.2. Performance analysis by varying the production capacity

In this section, we have conducted experiments to analyze the performance of DECOM by varying the production capacity with
different values of ¢ € {0.0,0.1,...,0.8,09}. Weset T =7,1 =5,K, =3,Kp =3,Jp =4, and Jr = 4. Also, demand distribution
follows Beta(1,1) as in the setting of Section 6.2.1. Table C.13 shows the experimental results with different production capacities.
We excluded the DTPA in this experiment because of poor solution quality when the production capacity was insufficient. In order
to show the computational efficiency of DECOM, we set the commercial solver’s time limit as 10,800 s when solving the Problem
Psraric-

As shown in Table C.13, TPA required more than 3 h in all experiments, except for the & = 0.3. However, DECOM required less
than 5 min to solve the same problems, except for in the case of ¢ = 0.9. Furthermore, because TPA could not solve problems within
the time limit, the Gap of DECOM was smaller than it was for TPA for all experiments. Fig. 7 depicts the CPU(s) of Phases 1 and 2,
and Fig. 8 shows the CPU(s) of P}, P, ), and Pgyayic. Interestingly, DECOM had a clear advantage over solving Pgyaic, compared
to TPA. Except for £ = 0.3, TPA could not finish the procedure for Pgpapic within 3 h for all experiments. On the contrary, DECOM
could find optimal solutions for Pgrarc Within 10 s, except for a result for £ = 0.0 (80 s).

6.3. Robustness analysis and cost analysis

In Section 6.3.1, we validate the robustness of DECOM over the demand uncertainty set and a family of demand distributions.
Section 6.3.2 examines the cost components by varying the production capacity and target coefficient ¢.
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Table 4
Robustness analysis by varying the demand uncertainty set.

Yiex dy, Vi€ I,t € T uncertainty set in the simulation

[50,150] [60,140] [70,130] [80,120] [90,110]
DTPA SIM(x10%) 171.98 172.08 172.18 172.29 172.39
Std(x10?) 10.73 8.58 6.44 4.29 2.15
DECOM SIM(x10%) 114.40 114.39 114.39 114.39 114.39
Std(x10?) 1.56 1.25 0.94 0.63 0.31

6.3.1. Robustness analysis

We implemented robustness analysis of DECOM under the condition of T =7,1 =4,K, =5,K;, =5,Jp =4,Jp =4 and ¢ = 0.0.
First, we conducted experiments to validate the robustness of DECOM over the demand uncertainty. We implemented DECOM and
DTPA under the following assumptions: (1) Y, s zf,"c’ =100 and (2) Y,k d,i’ € [50,150], Vi € I,t € T. Even though we assume the
specified demand uncertainty set, the real demand can fall into a narrower uncertainty set. To fulfill this, we derived the solutions
of DECOM and DTPA (i.e., the decision rule) under the uncertainty set [50, 150]. Then, we conducted simulations with the decision
rules obtained under the uncertainty set [50,150] by varying the demand uncertainty set from [50, 150] to [90,110] as shown in
Table 4. The demands in the simulations are generated by following the Bera(1,1) with predetermined uncertainty sets.

Table 4 shows that DECOM and DTPA derived similar expected total costs (i.e., SIM), respectively, even if the demand uncertainty
set varied. However, DECOM provided a much smaller standard deviation of the total cost (i.e., Std) compared to DTPA. As the range
of the demand uncertainty set decreased, the Std of DTPA decreased significantly. However, there were no significant changes in the
case of DECOM, compared to DTPA. Furthermore, as indicated in boldface, the Std of DECOM under the most extensive uncertainty
set (i.e., [50,150]) was smaller than the Std of DTPA under the narrowest uncertainty set (i.e., [90,110]).

Next, we utilized the decision rules obtained in the experiment of Table 4 to check the robustness under a family of distributions.
Because of the definition of a family of distribution in Section 4.2, the sample demand in the simulation has to be generated under
the probability distribution, which has the same mean demand (i.e., ), o dA;'{’ = 100). Therefore, as shown in Table 5, we utilized
several types of symmetric beta distributions for a simulation. Table 5 represents that the decision rules obtained from the DECOM
and DTPA could provide almost the same total expected cost under different distributions. Similar to the results of Table 4, the
Std of DECOM was smaller than the Std of DTPA for all demand distributions. In particular, the Std of DECOM in Beta(0.1,0.1)
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Table 5
Robustness analysis under a family of demand distributions.

Generated demand in the simulation

Beta(0.1,0.1) Beta(0.3,0.3) Beta(2,2) Beta(3,3) Beta(s,5)
DTPA SIM(x10%) 172.95 172.08 172.28 172.12 172.57
Std(x10%) 16.67 14.55 8.04 6.67 5.60
DECOM SIM(x10%) 114.34 114.48 114.33 114.37 114.40
Std(x10%) 2.42 2.19 1.19 0.98 0.82
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Fig. 9. Cost analysis by varying the production capacity.

was smaller than the Std of DTPA in Beta(5,5), as shown in boldface. These experimental results indicate that the decision rules of
DECOM are robust to distributional ambiguity.

6.3.2. Cost analysis

We implement cost analysis by varying the production capacities (i.e., 0.5 < ¢ < 1.0). Fig. 9 presents bar plots for six cost
components: (1) the total cost for the whole supply chain (TC), (2) the total cost for the retailer’s supply chain (TJD), (3) the total
cost for the 3PP supply chain (TJF), (4) the stockout cost for the whole supply chain (PC), (5) the stockout cost for the retailer’s
supply chain (PJD), and (6) the stockout cost for the supply chain of the 3PP (PJF). We conducted experiments for two decision
rules; one was obtained from the DECOM with ¢ = 0.0, and the other was obtained from the DECOM with ¢ = 0.8. Because the
DECOM with ¢ = 0.0 could derive the conservative decision rule to the uncertainty, the stockout only occurred when the ¢ = 1.0,
which was the case in which suppliers had the smallest production capacities. However, because the DECOM with ¢ = 0.8 output the
aggressive decision rule to the uncertainty, the stockout occurred when ¢ > 0.5. These results suggest that a conservative decision
rule obtained from the DECOM with ¢ = 0.0 could save costs in the supply chain if the market imbalance between supply and
demand is expected.

6.4. Sensitivity analysis

In this section, we have conducted three types of experiments to explore the effects of omnichannel retail operations and the
3PP channel by varying several cost parameters. Because the proposed problem involves too many cost parameters, we chose the
following cost parameters, which showed the apparent tendency, for sensitivity analysis: (1) fulfillment costs associated with online
demand; (2) the additional costs associated with using the 3PP; and (3) the lost sales cost. We employed the problem instances
presented in Section 6.2.2, and ¢ was set as zero. We employed the DECOM under the condition in which the demand uncertainty
set is [50, 150]. We measured the cost-saving effect of adopting omnichannel retailing and the 3PP channel as follows:

Expected total cost of No-omni/No-3PP — Expected total cost of Omni/With-3PP y
Expected total cost of No-omni/No-3PP

Cost-saving (%) = 100.
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Fig. 10. Cost-saving effect of omnichannel operations varying the parameters of}, and ef, J’}(

6.4.1. Effects of using omnichannel retail operations

In the first experiment, we investigated the impact of fulfillment cost parameters o l’(’k, and ef J‘;{ on the advantages of
implementing omnichannel retail operations. We employed the parameter 4,,,, to vary the cost parameters o f:/d and ef l’;( We
changed the value of cost parameters by multiplying the 4,,;,, on the original value, and the 4,,;, ranges from 0.5 to 1.7
(i.e., of ,i’k,,e f j’;{ X A,qui0)- We validated the benefits of omnichannel retail operations (i.e., Omni), specifically ship-from-store g;Zk/’
by comparing them with the retailer operations without properties of the omnichannel setup (i.e., No-omni). The total costs of Omni
and No-omni were derived by solving the proposed model with the DECOM. In order to exclude the ship-from-store, we set the gl’;’k,
as zero for No-omni. Because only the retailer’s supply chain has omnichannel properties, the total cost and cost-saving effect of the
retailer’s supply chain was reported.

Fig. 10 presents the cost-saving effect by varying fulfillment cost parameters from the DC to the online demand zone, e f J’;{, and
for ship-from-store for online demands, of :k/ The cost savings by omnichannel operations decreased as the value of o f Ii’k, increased
and ef J’;{ decreased. In particular, the cost savings showed more rapid changes when varying the ef j’j{ rather than the o Ii’k, In the
case of of" , the cost savings was about 4 percent when the 4,,,, was 0.5. On the other hand, for ef J’;(, the cost savings was 17

kk!?

percent when the 4,,,, was set as 1.7.

ratio

6.4.2. Effects of introducing the 3PP channel

In the second experiment, we evaluated the advantages of utilizing the 3PP channel by varying the p"l’<+l and 1°, A", and 1°
employed to reflect the additional costs of using the 3PP channel. In particular, we compared the retail operations using both the
retailer channel and the 3PP channel (i.e., With-3PP) with using the retailer channel only (i.e., No-3PP). To implement No-3PP,
we addressed the aggregate demand of the 3PP channel as lost sales by setting the 6;.’, Vj € Jp as zero. Then, because products
were replenished only for the retailer’s channel, the 3PP channel was not used in the retail operations. The With-3PP yields cost
savings because the No-3PP fulfills less demand than does the With-3PP. However, because the impact on cost savings is different for
each cost parameter, we compared the With-3PP and the No-3PP and examined the cost-saving effect by implementing a sensitivity
analysis on p}’( b A% A", and A°.

Fig. 11 shows the cost savings of introducing the 3PP channel by comparing No-3PP and With-3PP. As shown in the left subfigure,
we investigated the impact of the lost sales cost parameter for the 3PP channel, p’;( +1- We varied the value of p"1’< 4 from 4 to 10 with
the steplength 0.5. The cost-saving effect of using the 3PP channel was insignificant when p;’; +1 $5.5. Then, when p’; .1 Was between
5.5 and 6.5, the cost-saving effect increased slightly as the value of pi;<+1 increased. After that, when pi;(H > 6.5, the cost-saving
effect increased linearly with increasing p5’< oy

We employed the parameter 4, to analyze the impact that parameters A°, A, and A° had on cost savings incurred by using the
3PP channel. The 4, ranges from 1.0 to 4.0 with steplength 0.5. The right subfigure shows the cost savings brought about by varying
the additional costs using the 3PP channel for the following four cases: (1) fixed participation cost A* = 4, orange line; (2) inventory
holding cost 4* = 4,, green line; (3) warehousing cost A° = 4,, red line; and (4) 1° = A* = 1° = 4,, blue line. As the A° increased,
the cost-saving effect of using the 3PP channel decreased significantly compared to A°* and A”. Conversely, the changes of A" had a
minimal effect on the cost savings of utilizing the 3PP channel. As presented in the blue line, if the value of parameters 4*, 1, and
A° were bigger than 4.0, it was insignificant to utilize the 3PP channel in terms of the cost-saving effect.
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Fig. 12. Stockout ratio and expected stockout cost of supply chains of retailer and 3PP.

6.4.3. Impact of lost sales cost on the retailer and the 3PP supply chains

In the third experiment, we examined the stockout ratio and the expected stockout cost of the retailer and the 3PP supply
chains. The stockout ratio of each supply chain was obtained by dividing the total demand by the total amount of the stockout. We
implemented a sensitivity analysis on the lost sales cost parameter for both the retailer channel and the 3PP channels, pi/, Vk € K.
We varied the value of pZ from 1 to 8 with the steplength 1. Fig. 12 shows that the stockout ratio of both supply chains decreased
as the pZ increased. However, the stockout ratio of the 3PP was higher than the retailer’s supply chain when p;'(’ < 6. When pZ was
between 4 and 5, the stockout ratio of the 3PP decreased rapidly. Furthermore, the expected stockout cost of the retailer began to
decrease when pﬁ{’ > 2, and in the case of the 3PP, it decreased when p’ > 4. These results suggest that the stockout ratio and cost

) k
of the 3PP supply chain are sensitive to the value of p} compared to the retailer’s supply chain.

6.5. Managerial insights

We present several managerial insights that could be instructive to practitioners who are concerned about both omnichannel
retailing and the 3PP channel. We underpin the proposed managerial insights by considering the experimental results.

+ Based on the experimental results of Section 6.4.1, we could observe that omnichannel retailing can cut total costs compared
to retail operations without the ship-from-store option when fulfillment costs from DCs to online demand zones (i.e., ef J’]’()
increase and ship-from-store costs decrease (i.e., o ]i’k,). In particular, the changes in cost parameters regarding fulfillment from
DCs lead to a rapid increase or decrease in the cost-saving effect. Therefore, even if the cost of ship-from-store operations is
high, it is still beneficial to embrace omnichannel retail operations if the cost of satisfying online demand zones from DC is
considerable (e.g., when the DCs are far from the online demand zones).

The experimental results of the first experiment in Section 6.4.2 indicate that the increase in the warehousing cost leads
to a rapid decrease of the cost-saving effect when introducing the 3PP channel in omnichannel retailing among the three
types of additional costs associated with the 3PP channel, A%, A", and 1°. In contrast, the increase in inventory holding costs
has a minor impact on the cost savings of employing the 3PP channel. If the three additional costs are too expensive, there
is no advantage in using both the retailer and 3PP channels in comparison to operating the retail channel only. Therefore,
omnichannel retailers should take into account these additional costs, particularly warehousing costs, when introducing the
3PP channel in their channels.
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» On the basis of the results of the second experiment in Section 6.4.2, we could observe that there are no benefits to employing
the 3PP channel if the lost sales cost for the 3PP channel demand is low. Otherwise, the cost-saving effect of using the 3PP
channel increases as the lost sales cost increases. The retailer usually determines or estimates the lost sales cost parameter. If
the lost sales cost parameter is estimated to be smaller than the true value, the retailer could miss the cost-saving effect by
using the 3PP. On the other hand, an excess usage of the 3PP channel will be the outcome if the lost sales cost is estimated
to be larger. Therefore, retailers should precisely estimate the lost sales parameter before applying our suggested approach.
Table C.9 shows that it is necessary to derive a conservative solution by setting a large value for the cost target if the demand
distribution is skewed to the right. Otherwise, if the distribution is skewed to the left, the cost target should be set with a
small value to obtain an aggressive solution to demand uncertainty. Furthermore, the degree of production capacity is also
an essential factor in determining the appropriate value of the cost target. Therefore, users of our proposed approach should
determine the cost target value by considering their production capacities and by identifying how the demand distribution is
roughly shaped (e.g., by examining the skewness or variance of demand distributions).

7. Conclusions

We studied the optimization problem considering demand uncertainty in a setting where the omnichannel retailer determined to
utilize the 3PP channel in advance. In the proposed problem, the retailer’s online and offline channels were operated by the retailer’s
supply chain, and the 3PP channel was operated by the supply chain of the 3PP. Moreover, we considered joint replenishment,
allocation, transshipment, and fulfillment decisions over a multi-period planning horizon. To minimize the expected total cost,
we presented the stochastic optimization model from the perspective of a retailer. Furthermore, we accommodated the distinct
advantages and properties of adopting the 3PP channel in the proposed model.

However, there were four challenges in our problem. First, the adjustable binary decisions for replenishment should be
considered, which incurs a fixed order cost. Second, we should integrate anticipative and reactive decisions when solving the
problem. Third, the existence of the 3PP channel increased the problem size because the retailer’s supply chain and the supply chain
of the 3PP should be considered simultaneously. Fourth, the production capacity constraint made the problem more intractable.
Even though the TPA developed by Lim et al. (2021) could mitigate the first and second challenges, TPA often required a high
computational burden to solve the proposed problem because of the third and fourth challenges. As a way to overcome these
challenges, we proposed a DECOM approach by utilizing artificial variables, and it can solve the problem separately according to
the retailer’s supply chain and the 3PP supply chain.

Experimental results show beneficial contributions of this research from both academic and managerial perspectives. First,
we observed that DECOM and TPA provided solutions with similar quality in various demand distributions. However, DECOM
outperformed TPA in terms of computational efficiency. In particular, DECOM was scalable to large-scale problems while maintaining
its high solution quality. In addition, the robustness analysis showed that DECOM could provide robust and stable solutions against
changes in uncertainty sets and demand distributions. Second, we explored the cost-saving effects of employing omnichannel
retailing and introducing the 3PP channel, respectively. We observed that omnichannel retailing leads to significant potential cost
savings compared to retailing without omnichannel as the fulfillment cost from DCs to online demand zones increases. As the lost
sales cost increases, introducing the 3PP channel in omnichannel retail operations also leads to cost savings compared to utilizing
the retailer’s channel only, which is because the retailer can absorb additional demand by using the 3PP channel. Therefore, we
emphasized the importance of accurately estimating the stockout cost parameter before participating in the 3PP service, since the
retailer usually determines the lost sales cost.

Considering the limitations of our study, we conclude by discussing directions for further research. First, our model assumes that
the information regarding the storage capacity of FCs is complete. Although the storage capacity can often be observed or estimated,
it can be uncertain and vary depending on the time period, because other users of the 3PP channel can also store their products in
the FCs. It will be interesting to investigate how uncertainty for the storage capacity of FCs affects the utilization of the 3PP channel.
Second, our model does not consider return policies regarding online products. One of the advantages of omnichannel retailing is the
return policies. Usually, omnichannel retailing allows customers to return products through all available channels. Therefore, future
studies should target developing the model with return policies and then examine how introducing the 3PP channel in omnichannel
retailing influences the return flow of products and the profitability of the retailer.
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Appendix A. Notations and the deterministic model (Ppgy)

See Table A.6.

Table A.6
Indices, sets, parameters, and decision variables for the mathematical model.

Indices and sets

T Set of time periods, t € 7 = {1,2,...,T}

T+ te7Tt={1,2,..., T +1}

1 Set of products (=suppliers), i € T = {1,2,...,1}

Ko Set of offline demand zones (= offline stores), k € Ko = {1.2,.... K, }

Kp Set of online demand zones for the retailer’s supply chain, k € K, = {Ky +1.....Ko + Kp }
K- Set of online and offline demand zones for DCs, k € K~ ={1,...,K} (K =K, + Kp)

K Set of demand zones for DCs and FCs, k€ £ ={1,..., K+ 1}

I Set of capacitated DCs, j € Jp = {1.2,....Jp}

TIr Set of capacitated FCs, j € Jp = {Jp+1,....Jp + J;}

J jeJ={1l,... 0y J=Jdp+Jp)

Parameters

S Fixed cost to order product i for the logistics center j from supplier i at period ¢

lh}’ Unit inventory holding cost for the logistics center j per product i at period ¢

ohl! Unit inventory holding cost for the offline store k per product i at period ¢

oc[’] Unit replenishment cost between the supplier i and the logistics center j per product i at period ¢

it
i’

it
acjk

tc Transshipment cost between the DC j and the other DC j’ per product i at period ¢

Allocation cost between the DC j and the offline store k per product i at period ¢

efji Fulfillment cost from the DC j to the online demand zone k per product i at period ¢

of i Fulfillment cost from the offline store k to the online demand zone k' per product i at period ¢
by Fulfillment cost for the offline demand zone k per product i at period ¢

af} Fulfillment cost for the aggregate demand for FC j per product i at period ¢

P Lost sales cost for demand type k per product i at period ¢

it

s Production capacity of supplier i at period ¢

Lj Lead time of product i replenished from supplier i to the logistics center j
g Capacity for the replenishment from the supplier i to the logistics center j
%; Storage capacity of the logistics center j

Ve Storage capacity of the offline store k

dj! Realized value of demand type k for product i at period ¢

Adjustable decision variables

5 (d- 1 if product i is replenished from supplier i to the logistics center j at the start of period 7, 0 otherwise

q/” (d-" Quantity of the product i replenished from supplier i to the logistics center j at the start of the period ¢

x’}’(d"‘) On-hand inventory of product i in the logistics center j at the start of period ¢

y;(’(dd”‘) On-hand inventory of product i in the offline store k at the start of period ¢

u’lfj, (@ Quantity of the product i transshipped from the DC j to the other DC j’ at the start of the period ¢

Uﬂ @ Quantity of the product i allocated from the DC j to the offline store k at the start of period ¢

pld) Quantity of the product i fulfilled to satisfy the offline demand zone k at the end of period ¢

nj(d") Quantity of the product i fulfilled from the FC j to satisfy the aggregate demand for FCs at the end of period ¢

g (d) Quantity of the product i fulfilled from the offline store k to satisfy the online demand zone k’ at the end of period ¢ (i.e.,
ship-from-store for online demands)

rj’k((i’ ) Quantity of the product i from the DC j fulfilled to satisfy the online demand zone k at the end of period ¢

z/(d") Lost sales of product i for the demand type k at the end of period ¢
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Appendix B. Parameter information
See Tables B.7 and B.8.

Appendix C. Detailed experimental results
See Tables C.9-C.13.
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Table B.7
Ranges of the parameters.
st jedp st jedy 1KY, j € Ty 1KY, j € Jp oh! o af L
U (50, 80) U (50 x 44,80 x A*) U'(0.2,0.5) U (0.2x 4",0.5x 4") U (0.3,0.6) U (60, 80) U(2,3) U (0,1}
Table B.8
Support set of each channel for product i and period t.
Retailer’s offline channel (4!, Vk € K) Retailer’s online channel (d!', Vk € K) 3PP’s online channel (di,,)
B X Dieedls 1 X Tiee df E X Derdfs % Ve df @ X Ty df's a3 % Bycre dt |
Table C.9
Experimental results on asymmetric demand distributions.
Beta(2,5) Beta(5,2) Beta(l,6) Beta(6,1)
T=4 T=1 T=10 T=4 T=17 T=10 T=4 T=17 T=10 T=4 T=17 T=10
DTPA LDR(x10%)  43.34 114.93 152.14  50.77 92.81 143.59 50.44  75.05 128.33  55.26 95.04 150.38
SIM(x10%) 43.32 114.91 152.24  50.86 92.80 143.64 50.48 75.04 128.17  55.29 95.04 150.42
Gap(%) 27.28 58.40 37.51 23.93 5.44 29.28 40.84 20.94 30.73 17.09 2.45 7.67
Std(x10%) 0.74 5.03 4.38 1.25 0.39 1.78 3.31 0.47 3.62 0.60 0.28 0.84
CPU(s) 1.71 9.42 23.08 2.01 8.46 16.96 1.01 7.02 69.39 1.42 6.62 24.65
TPA LDR(x10%) 40.62 89.09 127.44 44.32 92.13 116.18 47.16 75.05 125.53 49.04 94.80 142.86
SIM(x10?) 40.62 89.09 127.41 44.33 92.13 116.17 47.16  75.04 125.68  49.04 94.80 142.86
Gap(%) 19.34 22.81 15.09 8.01 4.67 4.55 31.58 20.94 28.19 3.86 2.19 2.26
Std(x10?) 0.24 0.05 0.84 0.24 0.39 0.38 0.65 0.47 2.32 0.17 0.30 0.36
CPU(s) 1.95 6.38 61.58 1.73 9.51 44.85 1.01 8.86 72.31 1.81 9.97 31.07
" 0.6 0.4 0.6 0.2~0.6  0.0~1.0 0.0~0.2 0.6 1.0 0.6 0.0~0.2 1.0 0.0~0.4
DECOM  LDR(x10%)  41.09 84.27 126.36  44.35 91.79 116.18 4643 7449 11672  49.04 94.81 143.09
SIM(x10?) 41.09 84.27 126.34  44.36 91.79 116.17 46.44 7448 116.73  49.04 94.81 143.09
Gap(%) 20.71 16.17 14.12 8.08 4.28 4.55 29.58  20.03 19.06 3.86 2.20 2.43
Std(x10?) 0.23 0.41 0.67 0.24 0.43 0.38 0.73 0.45 0.54 0.17 0.28 0.35
CPU(s) 1.25 5.90 15.57 1.18 6.53 11.04 1.63 4.33 13.82 1.17 5.51 16.32
" 0.6~0.8 0.6~1.0 0.8 0.0~0.6 0.0 0.0~0.8 0.8 0.8 0.8 0.0~0.4 0.0~0.8 0.0~0.8
EVPI (x10%) 34.04 72.54 110.71 41.04 88.02 111.11 35.84 62.05 98.04 47.22 92.77 139.71
Table C.10

Values of w obtained from WP .

Beta(0.3,0.3)

t=1 =2 t=3 t=4 t=5 t=6 t=7 t=8 t=9 t=10
w'" i=1 0.67 1.00 0.25 1.00 1.00 0.50 1.00 0.50 1.00 1.00
i=2 0.67 1.00 0.00 1.00 1.00 1.00 0.25 1.00 1.00 0.00
i=3 0.75 0.31 1.00 1.00 0.25 1.00 1.00 0.50 1.00 1.00
Beta(1,1)
t=1 =2 t=3 t=4 t=5 t=6 t=17 t=28 t=9 t=10
w' i=1 0.67 1.00 0.00 1.00 1.00 1.00 0.25 1.00 1.00 0.00
i=2 1.00 0.56 0.50 1.00 1.00 0.25 1.00 1.00 0.50 1.00
i=3 1.00 0.81 0.75 0.25 1.00 0.00 1.00 1.00 1.00 1.00
Beta(4,4)
t=1 t=2 t=3 =4 t=5 t=6 t=17 =8 t=9 t=10
w'" i=1 0.46 1.00 1.00 0.50 1.00 0.00 1.00 1.00 1.00 0.75
i=2 0.92 0.00 1.00 1.00 1.00 0.50 1.00 0.50 1.00 0.00
i=3 0.56 1.00 0.00 1.00 1.00 1.00 0.75 0.50 1.00 0.00
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Experimental results on large-scale problems.
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Set size M (=11|.|Tp|.|Tr|)

M=3 M =4 M=5 M=6 M=1 M=38 M =9 M =10
DTPA LDR(x10%) 121.14 125.21 133.91 168.23 190.42 248.98 246.12 282.11
SIM(x10%) 121.58 124.94 133.89 168.26 190.35 248.84 245.55 282.00
Gap(%) 41.27 37.90 11.52 10.59 19.84 25.21 18.98 26.64
Std(x10?) 6.79 4.76 2.09 1.19 4.48 7.76 6.52 5.28
CPU(s) 56.90 108.95 400.43 4057.07 3922.53 4210.85 4796.60 5235.13
TPA LDR(x10?) 93.75 98.79 131.15 165.88 171.94 218.30 226.32 245.68
SIM(x10%) 93.79 98.81 131.15 165.91 171.89 218.34 226.22 245.69
Gap(%) 8.98 9.06 9.24 9.04 8.22 9.87 9.61 10.33
Std(x10%) 0.79 0.69 0.78 0.87 0.93 1.07 1.11 1.05
CPU(s) 68.05 3782.58 7615.99 11,217.25 7852.77 11,326.39 11,926.40 12,245.01
DECOM LDR(x10%) 93.38 98.39 130.36 164.17 170.68 214.09 222.14 240.00
SIM(x10%) 93.43 98.40 130.34 164.20 170.65 214.12 222.04 240.00
Gap(%) 8.56 8.61 8.56 7.91 7.44 7.75 7.59 7.78
Std(x10%) 0.79 0.69 0.77 0.88 0.93 1.08 1.12 1.06
CPU(s) 39.82 162.85 353.33 7494.96 4159.56 11,183.06 11,410.72 11,693.43
EVPI (x10?) 86.06 90.60 120.06 152.16 158.83 198.73 206.38 222.69
Table C.12
Experimental results on different combinations of product numbers.
T=4 T=1
I =50 1 =100 I =200 I =50 I =100 I =200
DTPA LDR(x10?) 1029.74 2458.36 3996.06 1782.72 3452.43 7351.93
SIM(x10%) 1030.46 2456.20 3993.89 1783.23 3453.15 7350.41
Gap(%) 45.49 35.99 43.83 35.21 27.95 35.48
Std(x10?) 18.08 26.00 38.25 21.83 27.29 43.13
CPU(s) 117.33 3726.66 4813.41 408.05 1104.82 5449.16
TPA LDR(x10%) 793.25 1995.45 3116.34 1454.29 2977.03 6040.39
SIM(x10%) 793.39 1995.36 3116.24 1454.54 2977.18 6040.43
Gap(%) 12.02 10.48 12.23 10.29 10.31 11.33
Std(x10%) 0.88 3.27 4.49 3.21 4.82 6.33
CPU(s) 3718.07 3789.26 5146.47 3991.88 4490.21 12,694.83
DECOM LDR(x10%) 787.80 1987.14 3089.80 1432.64 2943.06 5893.83
SIM(x10%) 787.93 1987.09 3089.48 1432.79 2943.08 5893.97
Gap(%) 11.25 10.02 11.26 8.64 9.05 8.63
Std(x10?) 1.89 3.13 4.14 3.06 4.13 5.88
CPU(s) 3675.77 3670.18 3742.76 3977.86 3910.71 8299.79
EVPI (x10%) 708.25 1806.11 2776.75 1318.86 2698.88 5425.50
Table C.13
Experimental results on different production capacities.
Production capacity s (£)
£=00 £=0.1 £=02 £=03 £E=04 £=05 £=06 £=07 £=08 =09
TPA LDR(x10?) 128.18 129.93 130.13 130.06 130.15 131.04 132.49 132.18 133.25 138.08
SIM(x10%) 128.16 129.92 130.11 130.05 130.14 131.02 132.46 132.16 133.23 138.05
Gap(%) 7.77 8.48 8.45 8.18 8.00 7.62 7.64 6.87 6.29 5.92
Std(x10%) 0.85 0.88 0.92 0.83 0.86 0.90 0.91 0.92 0.96 1.25
CPU(s) 10,854.03  11,016.63  10,987.28 1658.89  10,892.53  10,975.34 11,034.56  10,918.95 10,852.73  14,443.41
DECOM  LDR(x10%)  128.56 129.12 129.44 129.86 129.73 130.49 131.26 131.82 132.12 137.09
SIM(x10?%) 128.55 129.11 129.43 129.84 129.72 130.48 131.24 131.79 132.09 137.06
Gap(%) 8.09 7.80 7.89 8.01 7.65 7.18 6.65 6.58 5.38 5.16
Std(x10%) 0.81 0.85 0.86 0.86 0.86 0.92 0.92 0.92 0.97 1.03
CPU(s) 117.92 211.76 154.26 56.94 59.26 145.09 225.84 94.51 39.34 3617.10
EVPI (x10%) 118.92 119.77 119.96 120.21 120.50 121.73 123.05 123.66 125.35 130.34

Appendix D. Supplementary data

Supplementary material related to this article can be found online at https://doi.org/10.1016/j.tre.2024.103466.

29


https://doi.org/10.1016/j.tre.2024.103466

J. Lee and I. Moon Transportation Research Part E 184 (2024) 103466
References

Abouelrous, A., Gabor, A.F., Zhang, Y., 2022. Optimizing the inventory and fulfillment of an omnichannel retailer: a stochastic approach with scenario clustering.
Comput. Ind. Eng. 173, 108723.

Arslan, A.N., Klibi, W., Montreuil, B., 2021. Distribution network deployment for omnichannel retailing. European J. Oper. Res. 294 (3), 1042-1058.

Ben-Tal, A., El Ghaoui, L., Nemirovski, A., 2009. Robust Optimization, Vol. 28, Princeton University Press.

Ben-Tal, A., Goryashko, A., Guslitzer, E., Nemirovski, A., 2004. Adjustable robust solutions of uncertain linear programs. Math. Program. 99 (2), 351-376.

Ben-Tal, A., Nemirovski, A., 1999. Robust solutions of uncertain linear programs. Oper. Res. Lett. 25 (1), 1-13.

Bertsimas, D., Dunning, 1., 2016. Multistage robust mixed-integer optimization with adaptive partitions. Oper. Res. 64 (4), 980-998.

Bertsimas, D., Georghiou, A., 2018. Binary decision rules for multistage adaptive mixed-integer optimization. Math. Program. 167, 395-433.

Bertsimas, D., Goyal, V., Lu, B.Y., 2015. A tight characterization of the performance of static solutions in two-stage adjustable robust linear optimization. Math.
Program. 150 (2), 281-319.

Bertsimas, D., Iancu, D.A., Parrilo, P.A., 2011. A hierarchy of near-optimal policies for multistage adaptive optimization. IEEE Trans. Automat. Control 56 (12),
2809-2824.

Bertsimas, D., Thiele, A., 2006. A robust optimization approach to inventory theory. Oper. Res. 54 (1), 150-168.

Cai, Y.-J., Lo, C.K., 2020. Omni-channel management in the new retailing era: A systematic review and future research agenda. Int. J. Prod. Econ. 229, 107729.

Daniel, S., 2023. Amazon: The world’s most powerful economic and cultural force. https://www.investing.com/academy/statistics/amazon-facts/, [Online; accessed
05-May-2023].

Deshpande, V., Pendem, P.K., 2023. Logistics performance, ratings, and its impact on customer purchasing behavior and sales in e-commerce platforms. Manuf.
Serv. Oper. Manag. 25 (3), 827-845.

Emma, S., Utpal, M., Beth, B., 2017. A study of 46,000 shoppers shows that omnichannel retailing works. https://hbr.org/2017/01/a-study-of-46000-shoppers-
shows-that-omnichannel-retailing-works, [Online; accessed 05-May-2023].

Georghiou, A., Wiesemann, W., Kuhn, D., 2015. Generalized decision rule approximations for stochastic programming via liftings. Math. Program. 152, 301-338.

Gilboa, I., Schmeidler, D., 1989. Maxmin expected utility with non-unique prior. J. Math. Econom. 18 (2), 141-153.

Goedhart, J., Haijema, R., Akkerman, R., 2023. Modelling the influence of returns for an omni-channel retailer. European J. Oper. Res. 306 (3), 1248-1263.

Guan, Z., Mou, Y., Zhang, J., 2024. Incorporating risk aversion and time preference into omnichannel retail operations considering assortment and inventory
optimization. European J. Oper. Res. 314 (2), 579-596.

Guo, J., Keskin, B.B., 2023. Designing a centralized distribution system for omni-channel retailing. Prod. Oper. Manage. 32 (6), 1724-1742.

Hanasusanto, G.A., Kuhn, D., Wiesemann, W., 2015. K-adaptability in two-stage robust binary programming. Oper. Res. 63 (4), 877-891.

He, P, He, Y., Tang, X., Ma, S., Xu, H., 2022. Channel encroachment and logistics integration strategies in an e-commerce platform service supply chain. Int.
J. Prod. Econ. 244, 108368.

Jiu, S., 2022. Robust omnichannel retail operations with the implementation of ship-from-store. Transp. Res. E 157, 102550.

Lai, G., Liu, H., Xiao, W., Zhao, X., 2022. “Fulfilled by amazon”: A strategic perspective of competition at the e-Commerce platform. Manuf. Serv. Oper. Manag.
24 (3), 1406-1420.

Li, L., Li, G., 2023. Integrating logistics service or not? The role of platform entry strategy in an online marketplace. Transp. Res. E 170, 102991.

Lim, Y.F., Jiu, S., Ang, M., 2021. Integrating anticipative replenishment allocation with reactive fulfillment for online retailing using robust optimization. Manuf.
Serv. Oper. Manag. 23 (6), 1616-1633.

Lim, Y.F., Wang, C., 2017. Inventory management based on target-oriented robust optimization. Manage. Sci. 63 (12), 4409-4427.

Liu, W., Liang, Y., Shen, X., 2023. Decentralised or collaborative? Cooperation strategy choice of the supply chain under logistics service integrator empowerment
and market size fluctuation. Eur. J. Ind. Eng. 17 (3), 343-378.

Marandi, A., Den Hertog, D., 2018. When are static and adjustable robust optimization problems with constraint-wise uncertainty equivalent? Math. Program.
170, 555-568.

Postek, K., Den Hertog, D., 2016. Multistage adjustable robust mixed-integer optimization via iterative splitting of the uncertainty set. INFORMS J. Comput. 28
(3), 553-574.

Qin, X., Liu, Z., Tian, L., 2020. The strategic analysis of logistics service sharing in an e-commerce platform. Omega 92, 102153.

Qiu, R., Ma, L., Sun, M., 2023. A robust omnichannel pricing and ordering optimization approach with return policies based on data-driven support vector
clustering. European J. Oper. Res. 305 (3), 1337-1354.

Ryan, J.K., Sun, D., Zhao, X., 2012. Competition and coordination in online marketplaces. Prod. Oper. Manage. 21 (6), 997-1014.

See, C.-T., Sim, M., 2010. Robust approximation to multiperiod inventory management. Oper. Res. 58 (3), 583-594.

Shapiro, A., Nemirovski, A., 2005. On complexity of stochastic programming problems. In: Continuous Optimization: Current Trends and Modern Applications.
Springer, pp. 111-146.

Shin, Y., Lee, S., Moon, I., 2020. Robust multiperiod inventory model considering trade-in program and refurbishment service: Implications to emerging markets.
Transp. Res. E 138, 101932.

Siawsolit, C., Gaukler, G.M., 2021. Offsetting omnichannel grocery fulfillment cost through advance ordering of perishables. Int. J. Prod. Econ. 239, 108192.

Silbermayr, L., Waitz, M., 2024. Omni-channel inventory management of perishable products under transshipment and substitution. Int. J. Prod. Econ. 267,
109089.

Soyster, A.L., 1973. Convex programming with set-inclusive constraints and applications to inexact linear programming. Oper. Res. 21 (5), 1154-1157.

Xu, Y., Zhao, X., Dong, P., Yu, G., 2023. Risk-averse joint facility location-inventory optimisation for green closed-loop supply chain network design under
demand uncertainty. Eur. J. Ind. Eng. 17 (2), 192-219.

Yanikoglu, 1., Gorissen, B.L., Den Hertog, D., 2019. A survey of adjustable robust optimization. European J. Oper. Res. 277 (3), 799-813.

Zhen, X., Xu, S., 2022. Who should introduce the third-party platform channel under different pricing strategies? European J. Oper. Res. 299 (1), 168-182.

Zhen, X., Xu, S., Li, Y., Shi, D., 2022. When and how should a retailer use third-party platform channels? The Impact of spillover effects. European J. Oper.
Res. 301 (2), 624-637.

30


http://refhub.elsevier.com/S1366-5545(24)00056-5/sb1
http://refhub.elsevier.com/S1366-5545(24)00056-5/sb1
http://refhub.elsevier.com/S1366-5545(24)00056-5/sb1
http://refhub.elsevier.com/S1366-5545(24)00056-5/sb2
http://refhub.elsevier.com/S1366-5545(24)00056-5/sb3
http://refhub.elsevier.com/S1366-5545(24)00056-5/sb4
http://refhub.elsevier.com/S1366-5545(24)00056-5/sb5
http://refhub.elsevier.com/S1366-5545(24)00056-5/sb6
http://refhub.elsevier.com/S1366-5545(24)00056-5/sb7
http://refhub.elsevier.com/S1366-5545(24)00056-5/sb8
http://refhub.elsevier.com/S1366-5545(24)00056-5/sb8
http://refhub.elsevier.com/S1366-5545(24)00056-5/sb8
http://refhub.elsevier.com/S1366-5545(24)00056-5/sb9
http://refhub.elsevier.com/S1366-5545(24)00056-5/sb9
http://refhub.elsevier.com/S1366-5545(24)00056-5/sb9
http://refhub.elsevier.com/S1366-5545(24)00056-5/sb10
http://refhub.elsevier.com/S1366-5545(24)00056-5/sb11
https://www.investing.com/academy/statistics/amazon-facts/
http://refhub.elsevier.com/S1366-5545(24)00056-5/sb13
http://refhub.elsevier.com/S1366-5545(24)00056-5/sb13
http://refhub.elsevier.com/S1366-5545(24)00056-5/sb13
https://hbr.org/2017/01/a-study-of-46000-shoppers-shows-that-omnichannel-retailing-works
https://hbr.org/2017/01/a-study-of-46000-shoppers-shows-that-omnichannel-retailing-works
https://hbr.org/2017/01/a-study-of-46000-shoppers-shows-that-omnichannel-retailing-works
http://refhub.elsevier.com/S1366-5545(24)00056-5/sb15
http://refhub.elsevier.com/S1366-5545(24)00056-5/sb16
http://refhub.elsevier.com/S1366-5545(24)00056-5/sb17
http://refhub.elsevier.com/S1366-5545(24)00056-5/sb18
http://refhub.elsevier.com/S1366-5545(24)00056-5/sb18
http://refhub.elsevier.com/S1366-5545(24)00056-5/sb18
http://refhub.elsevier.com/S1366-5545(24)00056-5/sb19
http://refhub.elsevier.com/S1366-5545(24)00056-5/sb20
http://refhub.elsevier.com/S1366-5545(24)00056-5/sb21
http://refhub.elsevier.com/S1366-5545(24)00056-5/sb21
http://refhub.elsevier.com/S1366-5545(24)00056-5/sb21
http://refhub.elsevier.com/S1366-5545(24)00056-5/sb22
http://refhub.elsevier.com/S1366-5545(24)00056-5/sb23
http://refhub.elsevier.com/S1366-5545(24)00056-5/sb23
http://refhub.elsevier.com/S1366-5545(24)00056-5/sb23
http://refhub.elsevier.com/S1366-5545(24)00056-5/sb24
http://refhub.elsevier.com/S1366-5545(24)00056-5/sb25
http://refhub.elsevier.com/S1366-5545(24)00056-5/sb25
http://refhub.elsevier.com/S1366-5545(24)00056-5/sb25
http://refhub.elsevier.com/S1366-5545(24)00056-5/sb26
http://refhub.elsevier.com/S1366-5545(24)00056-5/sb27
http://refhub.elsevier.com/S1366-5545(24)00056-5/sb27
http://refhub.elsevier.com/S1366-5545(24)00056-5/sb27
http://refhub.elsevier.com/S1366-5545(24)00056-5/sb28
http://refhub.elsevier.com/S1366-5545(24)00056-5/sb28
http://refhub.elsevier.com/S1366-5545(24)00056-5/sb28
http://refhub.elsevier.com/S1366-5545(24)00056-5/sb29
http://refhub.elsevier.com/S1366-5545(24)00056-5/sb29
http://refhub.elsevier.com/S1366-5545(24)00056-5/sb29
http://refhub.elsevier.com/S1366-5545(24)00056-5/sb30
http://refhub.elsevier.com/S1366-5545(24)00056-5/sb31
http://refhub.elsevier.com/S1366-5545(24)00056-5/sb31
http://refhub.elsevier.com/S1366-5545(24)00056-5/sb31
http://refhub.elsevier.com/S1366-5545(24)00056-5/sb32
http://refhub.elsevier.com/S1366-5545(24)00056-5/sb33
http://refhub.elsevier.com/S1366-5545(24)00056-5/sb34
http://refhub.elsevier.com/S1366-5545(24)00056-5/sb34
http://refhub.elsevier.com/S1366-5545(24)00056-5/sb34
http://refhub.elsevier.com/S1366-5545(24)00056-5/sb35
http://refhub.elsevier.com/S1366-5545(24)00056-5/sb35
http://refhub.elsevier.com/S1366-5545(24)00056-5/sb35
http://refhub.elsevier.com/S1366-5545(24)00056-5/sb36
http://refhub.elsevier.com/S1366-5545(24)00056-5/sb37
http://refhub.elsevier.com/S1366-5545(24)00056-5/sb37
http://refhub.elsevier.com/S1366-5545(24)00056-5/sb37
http://refhub.elsevier.com/S1366-5545(24)00056-5/sb38
http://refhub.elsevier.com/S1366-5545(24)00056-5/sb39
http://refhub.elsevier.com/S1366-5545(24)00056-5/sb39
http://refhub.elsevier.com/S1366-5545(24)00056-5/sb39
http://refhub.elsevier.com/S1366-5545(24)00056-5/sb40
http://refhub.elsevier.com/S1366-5545(24)00056-5/sb41
http://refhub.elsevier.com/S1366-5545(24)00056-5/sb42
http://refhub.elsevier.com/S1366-5545(24)00056-5/sb42
http://refhub.elsevier.com/S1366-5545(24)00056-5/sb42

	A decomposition approach for robust omnichannel retail operations considering the third-party platform channel
	Introduction
	Literature review
	Omnichannel retail operations under uncertainty
	Third-party platform (3PP) channel
	Robust optimization (RO)

	Problem description and mathematical model
	Problem description
	Stochastic optimization model with the demand uncertainty 

	A two-phase approach (TPA) based on robust optimization 
	Phase 1 of TPA
	Phase 2 of TPA

	A decomposition approach (DECOM)
	Phase 1 of DECOM 
	Phase 2 of DECOM

	Computational experiments
	Performance analysis in small problems 
	Experiments under symmetric and asymmetric distributions 
	Impact of the artificial variable w on the performance of DECOM

	Computational efficiency of DECOM 
	Experiments in large-scale problems
	Performance analysis by varying the production capacity

	Robustness analysis and cost analysis 
	Robustness analysis
	Cost analysis

	Sensitivity analysis
	Effects of using omnichannel retail operations
	Effects of introducing the 3PP channel
	Impact of lost sales cost on the retailer and the 3PP supply chains

	Managerial insights

	Conclusions
	CRediT authorship contribution statement
	Declaration of competing interest
	Data availability
	Acknowledgments
	Appendix A. Notations and the deterministic model (PDET)
	Appendix B. Parameter information
	Appendix C. Detailed experimental results
	Appendix D. Supplementary data
	References


