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1. Introduction

Various fields of industry are showing an increasing interest
in unmanned aerial vehicle (UAV). The main advantage of UAVs
is their autonomous swarm operation capability (Kim et al., 2018;
Kim and Moon, 2019), which enables the system to execute mul-
tiple tasks simultaneously at a low cost and without human inter-
vention. Under the most recent positioning system, which guaran-
tees precise location recognition, UAVs can be operated as flexible,
expendable resources in diverse industries and environments. For
example, UAVs have been used not only in the military, surveil-
lance, and logistics applications but also in disaster management,
including casualty search and relief logistics (Chowdhury et al.,
2017). An emerging approach is the use of UAVs to establish an
emergency wireless network in a disaster area. In a natural disaster
situation with mass destruction over a large area, such as an earth-
quake, tsunami, or flood, the damage to infrastructure facilities of-
ten leads to immediate and secondary casualties. Survivors in the
disaster area who cannot evacuate immediately require a means of
communication with the outside world. At the same time, authori-
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ties require a system for monitoring survivors and the scene of the
disaster.

Many cases have shown that in disaster areas, the wireless net-
work is one of the systems to be recovered first. Survivors of dis-
asters often use wireless networks to inform the authorities and
their relatives the status they are encountered. For example, some
survivors of the 2011 Great East Japan Earthquake watched for up-
dates of the disaster and posted about their situation on Twit-
ter and Facebook (Wallop, 2011). Besides, some survivors used the
wireless network to inform authorities of the current immediate
situation and to request rescue (Aida et al., 2013). Similarly, sur-
vivors of the 2010 Haiti earthquake (Heinzelman and Waters, 2010)
and Hurricane Harvey in southeast Texas (Holley, 2017) used Twit-
ter to request evacuation, which allowed authorities and home-
grown volunteer groups to provide aid.

Efforts have also been underway to develop systems to mon-
itor disaster scenes. After the rapid growth of sensor technology,
the only remaining hurdle is to maintain connectivity between the
disaster scene and authorities. Thus, researchers in both academia
and industry are helping to develop UAV-based wireless networks
that can help recover a temporary wireless connection in a dis-
aster environment. One issue with a UAV-enabled wireless net-
work is ensuring that the overall system (including the sensors
and the UAV) has enough power to maintain operation for the
time needed. Thus, researchers are searching for ways to mini-
mize energy consumption and maximize the overall system life-
time. The UAV routing model can be used for similar problems,
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such as a visual surveillance and monitoring system based on
camera-mounted UAVs that need to operate near the actual site.
Ho et al. (2015) used particle swarm optimization as an approx-
imation algorithm to optimize the UAV trajectory along waypoint
candidates. Zhan et al. (2018) synchronized the wake-up sched-
ule of sensors and the UAV trajectory. Zeng et al. (2016) and
Wu et al. (2018) maximized the throughput controlling trajec-
tory and speed of the UAV. Zeng et al. (2018) approximated the
makespan-minimization problem as a generalized traveling sales-
person problem and proposed a two-stage algorithm to solve it.

Another issue is the UAVs’ need to hover in a planned area to
maintain continuous network connectivity, which is addressed in
this paper. There are three closely related approaches to the con-
tinuous network and facility location problems. The first approach
is the continuous location problem. The continuous location prob-
lem, including the minimal covering circle problem, aims to de-
cide the position of a facility in the xy-plane with various types of
distance (e.g., Euclidean, rectangular, and p-norms). While decid-
ing the position of one facility and its coverage radius, a weighted
sum or a minimax distance is used as an objective. Accordingly, ev-
ery facility and demand point pair is considered without division.
Drezner et al. (2001) and Plastria (2001) provide detailed informa-
tion about the continuous location problem approach.

The second approach is the clustering problem. Some of the
considerable research conducted on the clustering approach has
focused on K-means (Periyasamy et al., 2016; Sasikumar and
Khara, 2012), modified K-means (Periyasamy et al., 2016), disk
covering (Mozaffari et al., 2016b), and circle packing in a circle
(Mozaffari et al., 2016a). In the field of facility location, there are
similar problems of p-center (Daskin and Maass, 2015) and p-cover
(Calik et al., 2015). These problems consider the given number of
the clusters K (or p) as the primary constraint instead of the physi-
cal limitation of the coverage radius. Existing studies use a function
(e.g., sum or minimax) of various types of distances as an objective
because the purpose of traditional clustering problems is not the
physical clustering but the classification of data.

The third approach is the set covering problem. Facility loca-
tion problems with a set covering approach make the decision
using given candidates with predefined positions for facility lo-
cations. Because every location of the facility is already known,
the constraint on the coverage radius is easily considered by
checking the feasibility of each facility and demand point pair.
Chandrashekar et al. (2004) modeled a two-layer network that
consists of mobile ad hoc networks (MANET) and a covering UAV
network. Zorbas et al. (2016) proposed a minimum-cost drone lo-
cation problem that takes into consideration the network coverage
changing over flight altitudes.

The UAV set covering problem (USCP) has two distinct charac-
teristics that the approaches mentioned above do not have. First,
the objective of the USCP is to optimize the cardinality of the
UAVs, whereas the continuous location and clustering problem ap-
proaches minimize the cost function, which is usually related to
the arcs of the network. The arc-related cost function considers the
relation between every facility and demand point pair, which does
not require an extra decision on a set partition. Interested read-
ers are referred to Boonmee et al. (2017) for a detailed literature
review. For the USCP, changing the objective significantly reduces
the ability to resolve the problem. Without a decision on a set par-
tition, the linear relaxation bound for the USCP does not provide
any information, as explained in Section 3.1. Note that the solution
algorithm of p-center problem is exponential in p (Capoyleas et al.,
1991). Because the cardinality of the UAV is not predefined as a pa-
rameter in the USCP, the researcher must iterate over p up to the
number of demand points, which will grow exponentially.

Second, the USCP brings the positions of facilities into the de-
cision problem. The traditional set covering problem approach de-

cides among given candidates for facility locations. This is because
a real disaster situation has a wide variety of constraints and a
handful of possible sites for facility locations. Also, to avoid im-
practical solution algorithms (Toregas et al., 1971), models make
decisions among a limited number of candidates. When the fa-
cility candidate is predefined, the availability between each de-
mand point and each candidate facility location is defined as well;
thus, it is straightforward to apply coverage radius as a constraint.
For literature focusing on coverage constraints, we refer readers to
ambulance location and relocation problems (Ahmadi-Javid et al.,
2017; Aringhieri et al., 2017; Bélanger et al., 2019; Brotcorne et al.,
2003). However, in the case of the USCP, there is flexibility to po-
sition the UAV freely on the xy-plane. This imposes the problem
of having to check every possible subset of demand points, which
will grow exponentially.

Therefore, it is difficult to apply the knowledge from existing
studies to the USCP straightforwardly. Despite the straightforward
definition of the problem and the model, which will be presented
later, the USCP suffers from a computational burden; however, the
necessity of the research has recently begun to emerge. The in-
troduction of UAVs into the set covering problem has changed the
situation dramatically because of the flexible positioning and the
limitations of network coverage significantly affect the model. We
noticed a gap between the related approaches and the technolo-
gies required at the scene of a disaster. Thus, this paper presents a
set covering problem without predefined candidate positions and
with the consideration of a fixed-radius coverage constraint to fill
the gap mentioned above.

The wireless network is assumed to be uncapacitated to show
and maximize the effects of the disaster environment’s topographic
structures. To utilize the knowledge of the topographic structure
for the solution algorithm, we developed a branch-and-price (B&P)
algorithm for the USCP as other research considering assignment
constraints (e.g., set covering, clique covering, and vehicle routing;
Ji and Mitchell, 2007; Johnson et al., 1993; Vance, 1998; Vance
et al., 1994). The B&P algorithm runs a column generation (CG)
method on every node in a branch-and-bound (B&B) tree, defin-
ing new patterns of the demand points to be covered by a UAV
as new variables. The reformulation associated with the B&P algo-
rithm strengthens the linear programming relaxation (LP) bound
and decreases symmetries in the branching tree. It enabled the
proposed B&P algorithm to provide the optimal solution in a rea-
sonable timescale for both a small-sized artificial dataset and a
realistic-scale dataset in computational experiments.

Even though the USCP is reformulated, the mixed-integer
quadratic coverage constraint remains in the CG subproblem. An
approximation model is designed to avoid the numerical instabil-
ity incurred by the coverage constraint and to improve the compu-
tation speed. In the approximation model, a linearized, pairwise-
conflict constraint based on the sufficient condition substitutes
the quadratic constraint. We observed that the B&P algorithm for
the pairwise-conflict constraint approximated model is numerically
stable and provides a time-efficient solution with applicable opti-
mality.

The rest of this paper is structured as follows: Section 2 pro-
poses the problem description and the mathematical model of the
standard formulation. A direct way to discretely approximate the
mixed-integer quadratic constraint into the integer constraint is
also proposed. Section 3 describes, in detail, the B&P approach
for the USCP and the pairwise-conflict constraint approximation
based on Jung's theorem. This section also presents the com-
parison between two approximation models and the overall al-
gorithmic framework for further clarification. Section 4 presents
the computational experiments conducted, including the algo-
rithmic performances of four proposed models. In this sec-
tion, we analyze the managerial insights for practical applica-
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tions in a disaster environment. Finally, Section 5 concludes the
research.

2. Problem definition

This section presents a detailed description of the USCP. UAVs
construct a wireless network to restore connectivity for survivors
in a disaster area. The ultimate scope of the UAV operation prob-
lem should be the development of an optimal flight schedule for
an overall UAV system within the constraints of battery capacity.
The interval scheduling or interval partitioning problem expands
the set covering problem to the time dimension. The flight time to
the target position and the duration of hovering, considering the
battery capacity of the UAVs, would be incorporated into the inter-
val scheduling problem. However, this problem is simplified in the
set covering problem to allow more explicit consideration of the
UAV system’s characteristics. The set covering approach provides
a less dimensionally complex and more intuitive solution as com-
pared with the scheduling approach; this would allow authorities
to manage the system efficiently. The proposed USCP provides a
rough-cut response plan that can be used in creating a routing and
scheduling plan. The solution for the USCP, which consists of the
position and the assignment of demand points for each UAV, can
be used as a set of feasible tasks. For this reason, the USCP mini-
mizes the number of UAVs needed to cover every demand points
rather than maximizing the number of demand points covered by
a limited number of UAVs.

2.1. Problem description

The cardinality minimization problem is designed for the im-
mediate response phase after a disaster. Thus, authorities can ob-
tain information on the approximate number of UAVs to create a
rough-cut response plan. The cardinality minimization problem can
be transformed into the coverage maximization problem, which
maximizes the number of demand points covered by a given num-
ber of UAVs. Since the hard target in disaster management is to
minimize the damage of human life through the utmost efforts,
the constraint is set to fulfill every demand.

The assumptions of the presented problem are defined as fol-
lows:

1. The information on the positions of demand points is already
known.

2. Each UAV has an identical coverage distance.

3. There is no restriction on a UAV’s hovering position in the xy-
plane.

4. A demand point is covered if it is in the coverage circle.

5. There is no transmission capacity limitation on the wireless
network.

6. There is no overlap interference between UAVs or shadowing
effect incurred by buildings.

It is assumed to have initial information on the positions of de-
mand points, which can be acquired by a primary search or by ex-
perts of disaster management. If there is a solution algorithm to
solve the USCP efficiently, authorities can provide a more advanced
response through optimizing the model iteratively and adding new
information. To utilize the UAV’s full capability, there is no restric-
tion on its position; in other words, there is no predefined can-
didate for each UAV to fly. This research focuses on the geometri-
cal coverage constraint rather than the capacity constraints of the
wireless network. Each demand point is covered by a UAV if it is
in the coverage circle, regardless of a UAV’s capacity on the net-
work’s accessor or transmission. The characteristic that authorities
and survivors both have limitations on resources grounds the as-
sumption. For the authorities, there are limitations on the number

of UAVs to be invested. At the same time, survivors conserve their
battery of the mobile devices as much as possible because there
is a lack of assurance of rescue. As a result, access to the wireless
network only occurs if absolutely necessary, which makes capacity
constraints of the network immaterial.

Fig. 1 presents an overview of the USCP. Under the given infor-
mation of the static position of demand point, the objective of the
UAV set covering problem considered in this paper is to minimize
the number of UAVs required to cover every demand point in a
disaster situation. UAVs can be located without any restriction on
an xy-plane. The network-covered area is defined by the employ-
ment and position of UAVs, and a demand point is covered if and
only if it is inside the area.

2.2. Mathematical formulation
Based on the problem defined in Section 2.1, a mathematical
model is developed. The followings are the notations used in the

standard mathematical formulation for the USCP:

Set

N set of demand points.

Parameters
a; position of demand point i on x-coordinate. VjeN
a{ position of demand point i on y-coordinate.  VjeN
R coverage radius of a UAV.
Decision variables
1, if UAV j is used. .
=1 : VjeN
Yi {O, otherwise. 1€

= 1, if demand point i is covered by UAV j. VieN

U 70, otherwise. VjeN
c’]f € R, position of UAV j on x-coordinate. VjeN
c¥ € R, position of UAV j on y-coordinate. VjeN

The set N consists of the demand points and represents the
survivors in the disaster area. Positions of demand points and the
coverage radius of a UAV are given as parameters. There are two
types of decision variables: binary decision variables related to the
location-allocation problem and position decision variables on the
xy-plane. UAV j and y; are predefined for each demand point to
cover every extreme case. The following is the standard mathemat-
ical formulation of the USCP. For distinction, the formulation will
be renamed as Euclidean standard (ES) formulation.

min ) y; (1)
jeN
st Xij <Yj. VieN,VjeN (2)

VieN (3)

D oxij=1,

jeN

(@ - )+ (a = c))? < R+ M(1 - xy),

VieN,VjeN (4)
x;j € {0, 1}, VieN,VjeN (5)
y;j €{0,1}, VjeN (6)
c.c R, VieN )
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Fig. 1. Overview of the USCP.

The objective of the mixed-integer quadratically-constrained pro-
gramming (MIQCP) model is to minimize the total number of UAVs
used to cover the demand points. Constraint (2) is a linking con-
straint between a demand point and a UAV; the deployment of a
UAV precedes the assignment of a demand point. Constraint (3) is
a demand assignment constraint; every demand is required to be
fulfilled by at least one UAV. Constraint (4) is a mixed integer
quadratic constraint that relates the position-coverage of UAV and
its usage. A demand point i is covered by a UAV j only if the dis-
tance between the position of the demand point i, (af, a{) and the
position of UAV j, (c’}, czf) is less than the coverage radius R. Con-
straints (5)-(7) define the dimension of the decision variables. The
quadratic shape of Constraint (4) originates in Comley (1995). It is
hard to solve the ES model within an applicable time, even for a
small-sized problem. To tackle the intractability of the ES model,
a natural approximation model based on discretization is proposed
in the next section.

2.3. Discrete approximation model

Constraint (4) is quadratic because of the continuous decision
variable for the position of the UAV, c;f and ci' The simplest ap-
proximation of the ES model to linearize the quadratic constraint
is to discretize the xy-plane into grids and consider every lattice
point as a candidate for the position of a UAV. The following are
the new set and parameters used in the mathematical formulation
of the discrete approximation (DA) model:

Set
M  set of candidates of flight position of UAV.
Parameters
b’l‘. flight position of UAV j on x-coordinate. VjeM
b’}f flight position of UAV j on y-coordinate. VjieM
ajj binary feasibility of UAV j to cover demand pointi. VieN,
VjeM

Decision variables

1, if UAV j is used. .
Yi ~ 10, otherwise. VieM
X = 1, if demand point i is covered by UAV j. VieN,
Y 70, otherwise. VieM

Unlike in the ES model, UAV j € M is predefined for each
lattice point on the xy-plane, separated into grids. The binary
feasibility oj; is defined based on the distance between the de-
mand point and the flight position of UAV j. «; equals 1 if

(af - b’]“)2 + (@) - b’jf)2 < R and 0 otherwise. Except for the do-
main of the binary decision variable y; and the discretization of the
continuous decision variables c’Jf and ¢, the mathematical formu-
lation of the DA model is almost identical to that of the ES model:

min ) y; (8)
jeM

s.t. X <Y VieNVjeM (9)
ZO{UXU >1, VieN (]0)
jeM
x;j € {0, 1}, VieN,VjeM (11)
yj€1{0,1}, VieM (12)

Set M is defined based on the size of the grid and the boundary of
the demand points. The extreme values of the leftmost, rightmost,
uppermost, and lowermost points become the boundary of set M.
The smaller each grid is, the more precise the approximation be-
comes, but at the same time, the size of set M increases quickly
in squares. Even though the approximation of the quadratic con-
straint accelerated the computation speed, the size of the prob-
lem in terms of decision variables and constraints can be exces-
sively large. Thus, a scientific criteria to identify an efficient grid
size is vital to implement the DA model. The detailed performance
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of the DA model and the criteria for the grid size is analyzed in
Sections 3.4 and 4.

3. Branch-and-price approach for the USCP

Section 3.1 presents an extended formulation for the B&P al-
gorithm. Section 3.2 introduces a detailed branching strategy re-
lated to the B&P algorithm on the USCP. Section 3.3 exam-
ines Jung's theorem and the approximation model with pairwise-
conflict constraints based on Jung’s theorem. Section 3.4 com-
pares two approximation models based on the approximation ra-
tio. Section 3.5 presents the overall algorithmic framework to use
pairwise-conflict constraint approximation model in a disaster sit-
uation.

3.1. An extended formulation of the USCP

To utilize the structural knowledge of the problem’s feasible so-
lution, we reformulated the ES into the extended formulation. One
strong point of the nominal set covering problem is the small in-
tegrality gap and the tendency for the LP relaxation to provide an
integer solution (Simchi-Levi et al., 2005). However, the LP relax-
ation of the USCP neutralizes the coverage constraint. Unlike in the
nominal set covering problem, the coverage constraint is consid-
ered jointly by Constraints (3) and (4) in the ES formulation. The LP
relaxation separates the relation among x;;, cj?, and ci’ . Thus, the so-
lution of the LP relaxation does not satisfy the coverage constraint.
Moreover, because the objective of the USCP is to minimize the
number of homogeneous UAV without a consideration of capacity,
the relaxation always provides the LP bound as 1. In the extended
formulation, the fixed-radius coverage constraint with Euclidean
distance (4) is considered implicitly in the decision variable; there-
fore, the solutions of the LP relaxation satisfy the coverage con-
straints, which obtains tighter LP bounds than in the nominal set
covering problem. Another advantage of the decomposition was
the elimination of symmetry among solutions, which obstructed
the search on the B&B algorithm (Vanderbeck and Wolsey, 2010).

Each column in the extended formulation defines a set of de-
mand points that can be covered by one UAV. In this approach, one
makes the column-wise decision instead of the UAV - demand point
pair decision by choosing to use particular columns and cover
the included demand points. For example, if columns j; = {1, 3},
j» =1{2,3}, and j; = {1, 2} are considered, one can cover demand
points {1, 2, 3} by selecting columns j; and j, or j, and js;. Let
Q be the set of every feasible column that implicitly represents
a set of demand points covered by one UAV. For each assignment
plan j € , the inclusion of each demand point i is defined as a
binary parameter wj. A binary decision variable z; is defined for
each feasible column to denote the adoption. The extended formu-
lation model of the USCP is represented in the following integer
program:

min ) z; (13)
je

st > wzp =1, VieN (14)
je
z;c{0.1}. VjieQ (15)

Objective function (13) minimizes the cardinality of UAVs operated
to cover every demand point. Constraint (14) is a demand assign-
ment constraint. For each demand point, at least one active as-
signment plan is required to cover it. In the extended formulation,
it is impossible to define intact €2 and every decision variable z;
because the size of the set 2 is exponential on the number of

demand points m. The optimality under the current basis is ver-
ified by a subproblem called a pricing subproblem, which identifies
a new column for entering the basis to improve the solution; the
operation is iterated until no new column with a negative reduced
cost is found. The B&P algorithm is a B&B algorithm with a CG
technique implemented at each node. The branching occurs when
the LP solution after the CG terminates does not satisfy the inte-
grality. Let 7r; be a dual price associated with constraint (14); addi-
tional columns for the restricted master problem can be generated
by solving the following pricing problem:

Decision variables

= Vi
0, otherwise. ieN

c* e R,

_ ’1, if demand point i is covered by the generated column.

position of UAV of the generated column on x-coordinate.

o eR, position of UAV of the generated column on y-coordinate.
m
min 11— "7 (16)
i=1
st (@ -+ (@ - <R+M(1-x), YieN (17)
x; € {0, 1}, VieN (18)
c,deR, (19)

The pricing subproblem for the CG is equivalent to the La-
grangian subproblem of the ES formulation. Because all the UAVs
are assumed to be identical, the cost parameter for using a UAV
j is set to be 1 for every UAV in Formulation (1). Thus, the pric-
ing subproblem is identical for every UAV. The objective function
(16) calculates the cost to employ one UAV, as we must always use
one UAV. Moreover, the dual price 7r; subtracts the covering effect
of the demand point. The fixed-radius coverage constraint with Eu-
clidean distance, Constraint (4) in the ES formulation, is considered
in Constraint (17), which provides the feasible column to be cov-
ered by one UAV. The B&P algorithm over extended formulation
is renamed as Euclidean branch-and-price (EBP). For the initial re-
stricted master problem, we assigned a UAV to each demand point.
In other words, each initial column covered one demand point, and
the number of initial columns was the same as the number of de-
mand points. In this way, the initial restricted master problem had
a feasible LP relaxation and could provide dual values, which were
used in the pricing problem. Powerful heuristic algorithms exist to
cluster demand points efficiently, and one can easily use these al-
gorithms to provide initial columns while implementing the sys-
tem in the real application.

3.2. Branching strategies

Branching is required when the CG terminates and the opti-
mal solution does not satisfy integrality. New constraints are added
by the branching to divide the solution space without losing any
feasible solution and to gain the optimal integer solution. The
branching decision is based on the standard formulation rather
than on an extended (disaggregated) formulation, because branch-
ing on the decision variable causes an unbalance in the branch-
and-bound tree and requires massive modifications in the pricing
subproblem (Desaulniers et al., 2006). The Ryan-Foster branching
rule (Ryan and Foster, 1981) is often used in the set partitioning
problem (Ji and Mitchell, 2005). In this rule, the branching deci-
sion controls whether two demand points are simultaneously cov-
ered by a UAV or not. It is modeled by fixing the coexistence of
decision variables x; and x; for subproblem, which represents the
assignment of demand points i and k for each UAV. In detail, we
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can identify a pair of the most fractured demand points based on
the solution from extended formulation. Because the CG is oper-
ated on the restricted master linear program (RMLP), the employ-
ment of each column is given as a fractional value. Based on the
fractional solution of the RMLP, the degree of coexistence of a pair
of demand points vj, is calculated. For each pair of demand points,
the value of the fractional solution of a column Z; is aggregated if
both demand points are included:

Z Zj.

JeQwij=w;;=1

Vi =

The pair of demand points with the degree of coexistence nearest
to 0.5 is chosen for the branching.

When the branching is executed, division of feasible solutions is
required in both the master problem and the pricing subproblem.
In the master problem, the existing columns should be divided into
two groups based on the coexistence of the pair of demand points
chosen for the branching. This separates the columns covering both
demand points into one branch and the columns covering only one
demand point of the pair into another branch. In the pricing sub-
problem, a new pairwise-conflict constraint is added to enforce the
acceptance or prohibition of the coexistence. Because the subprob-
lem makes decision of the demand points to be covered, the addi-
tion of the pairwise-conflict constraint does not change the struc-
ture of the problem.

3.3. Pairwise-conflict constraint approximation model based on Jung’s
theorem

The reformulation provides a better LP bound and eliminates
the symmetries in the branching tree. Furthermore, the advance-
ment of the nonlinear solver engine enables the solution algorithm
to solve a knapsack-like pricing subproblem efficiently regardless
of the quadratic constraints. In ES and extended formulations of
the USCP, quadratic constraints (4) and (17) represent the coverage
circle around each UAV. Even though the commercial solver can
find the optimal solution of USCP within the appropriate time, it
is still necessary to find a more practical model. One reason for
this is the numerical instability of the coverage constraint. The bi-
nary decision variable x; and the continuous decision variables c*
and & coexist in Constraint (17). Because the scale of the cover-
age distance of one UAV and overall xy-plane is compared in one
inequality in quadratic form, R? and M can easily have the differ-
ence of 108 units when 10-8 is the limit of the solver’s feasibility
tolerance.

For the same reason, it is not possible for the solver to use
the built-in presolver and heuristics, since they can provide infea-
sible solutions. In addition, linear constraints are usually preferred
over nonlinear constraints because the movement between feasible
points is more straightforward when the solution space is linear
rather than curved (Elzinga et al., 1976). Therefore, in most cases,
linearization can accelerate the computation speed.

In the field of geometry, finding the minimum enclosing ball
of a set has been an important question. Under the given set,
Welzl (1991) proposed a randomized linear programming algo-
rithm that runs in linear time. Because a circle is defined by three
points, Welzl’s algorithm recursively chooses three points from the
given set of points to find the enclosing circle. However, due to the
recursive characteristic, it is not possible to apply Welzl’s algorithm
as a constraint in the mathematical model.

Instead of the minimum enclosing ball approach, which can-
not be used as a constraint, a sufficient condition can be used
for the approximation. If every pair in the set of demand points
satisfies the linearized conflict constraint, the sufficient condi-
tion ensures that the set will be covered together in one cir-
cle. The conflict constraint is widely used in optimization mod-

els. Sadykov and Vanderbeck (2012), Gendreau et al. (2016), and
Manerba and Mansini (2016) used conflict constraints to model
predefined incompatibility between choices. Grotschel and Wak-
abayashi (1989), Hoffman and Padberg (1993), and Borndérfer and
Weismantel (2000) developed valid inequalities for the solution al-
gorithm. In our approximation, a pairwise-conflict constraint in-
spired by the Ryan-Foster branching strategy and Jung’s theorem is
used to identify the pairs of demand points that can coexist within
a given coverage distance.

Jung (1901) proposed an inequality between the diameter and
the radius of the minimum enclosing ball of a set:

Theorem 1 (Jung’s theorem). Considering a compact set K ¢ R" and
let the diameter of a set K as d(K) := ma)I§||p —q||>. There exists a
p.qe

closed ball with radius

n

r<d(K) T 1)

that contains K.

In the case of the xy-plane (n = 2), according to Jung’s theorem,

a circle with r < 46 containing the given compact set K exists.

V3
However, we can distinguish a sufficient condition for some sets to

be enclosed in a closed ball under the given radius R.

Lemma 2. Considering a compact set K c R%. For a given R e R!, if
d(K) < +/3R, then there exists a closed ball with radius r < R.

According to Lemma 2, if the coverage radius R is given and
the distance of every pair of demand points in a set K is smaller
than +/3R, the set K can be covered by one circle. The approxima-
tion of Constraints (4) and (17) are modeled as pairwise-conflict
constraints. A constraint on the diameter of a set K can be sub-
stituted by a set of constraints that includes the constraint of dis-
tance between every pair of demand points. Let d;, be the distance
between demand points i and k. Constraints (4) and (17) can be
approximated into Constraints (20) and (21), respectively:

Xj+Xj—2+C <0, Vi jkeN (20)

Xi+x,—2+Cy <0, Vi,ke N (21)

(dy)? — 3R

s = f
(max[dy])* — 3R*
i.keN

where pairwise-conflict parameter Cj, :=

dy, < R+/3, Constraint (20) and (21) become redundant. Otherwise,
0 < Ci < 1 and Constraint (20) and (21) define pairwise-conflict
constraints. The model is named as pairwise-conflict constraint ap-
proximation (PCA) model. For distinction, the approximated formu-
lations are renamed as pairwise-conflict constraint approximated
standard formulation (PCS) and pairwise-conflict constraint ap-
proximated branch-and-price algorithm (PCBP). Let %, y be a feasi-
ble solution of a PCS model. According to Lemma 2, x, y is also fea-
sible for the ES model. A feasible solution to a pricing subproblem
of PCBP is likewise feasible for the pricing subproblem of EBP. Note
that the approximations of the coverage constraints have the same
structure as the branching constraints. Moreover, this means that
the structure of the problem does not need to be changed while
executing branching over the original model.

PCBP has the same extended formulation as EBP, and the ap-
proximated CG subproblem has the same objective function as For-
mulation (16) and Constraints (18) and (19). Constraint (21) re-
places Constraint (17) to represent the approximated coverage con-
straint. In the CG subproblem, Constraint (21) requires that every
pair of demand point chosen for a new column must be within a
certain distance. After the approximation, the decisions of the UAV
position and the set partition are decomposed, and only the deci-
sion of the set partition becomes relevant. In other words, when
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we approximate the geometric network structure, the pairwise-
conflict constraint can work as a filter that abstracts the original
network into the digitized network. Connectivity between a pair of
demand points remains only if Jung's theorem guarantees the co-
existence. After the abstraction, it is not necessary to consider the
length of each arc between the demand points. By the approxima-
tion, the physical distribution of demand points is abstracted to a
network that only considers the pairwise connectivity between de-
mand points. In the abstracted network, the master problem is to
cover every demand point with the minimum number of cliques,
and the pricing subproblem is translated into the category of find-
ing the maximum vertex clique.

The clique partitioning problem is one of the most studied com-
binatorial optimization problems. Many researchers (e.g., Grotschel
and Wakabayashi, 1989; Ji and Mitchell, 2005; Ji and Mitchell,
2007) have conducted various types of problems both in practical
and theoretical fields, including maximum clique or K-equipartition
problems with several categories of constraints including mini-
mum or maximum clique size and capacity. The closest work
to the proposed problem is the uncapacitated clustering problem
(Mehrotra and Trick, 1998), which introduced a B&P algorithm.
However, even though the Ryan-Foster branching strategy is in-
corporated in their work, the solution method is not applicable to
the problem in this paper because their objective was to minimize
the sum of the arc cost under the minimum clique size require-
ment. As mentioned earlier, capacity-related constraints (e.g., min-
imum/maximum clique size) are not considered in this research
as we focus instead on the effects of the geometrical coverage
constraint. In further research, more practical constraints could be
considered with the related knowledge, including cutting plane or
branching strategies from the literature mentioned earlier.

The cost of the approximation is the loss of the feasible so-
lution, which might decrease the optimal value of the problem.
However, in the case of large-sized problems, the approximation
provided time-efficient solutions at relatively high speeds. The per-
formance of the approximated algorithm was analyzed in the per-
spective of the approximation rate and the computational experi-
ments in Sections 3.4 and 4.

3.4. Comparison of the approximation models

The proposed approximation models are compared from the
perspective of the performance ratio. Let 7 be the solution of an
exact or approximation model in the form of the set of subsets of
demand points. For an optimal solution of the USCP F*, each ele-
ment S% € F* can be covered by a UAV. Let FPCA and FPA be op-
timal solutions for the PCA model and the DA model, respectively.
An approximation ratio of each approximation model is calculated
based on the ratio between |F| and |F*|.

Theorem 3. The PCA model is a 3-approximation for the USCP.

It is obvious that if a set of demand points can be enclosed in a
circle with a given radius R, the PCA model requires at most three
circles with the same radius to cover the set. The worst-case is
when the solution of the PCA model separates the given set into
three sets whose diameters are equal to +/3R. This case is pre-
sented in Fig. 2.

Proof. For every element S}f e F*, there exists a subset PPCA <
FPCA such that |PP| <3 and S; c UPPA. 1t will follow that
|F*| > |[FPCA|/3. O

In the DA model, the size of the grid affects the computation
speed and the approximation ratio-that is, when the grid size de-

creases, the loss in the approximation follows until the objective
value converges to a near-optimal value of USCP. Nevertheless, the

Fig. 2. Worst-case of the PCA.

computational burden increases after the size of the problem in-
creases. Therefore, it is essential to decide on an appropriate grid
size. From the perspective of the approximation ratio, the most
natural setting of the DA model with a grid size of R is used for
the analysis. Let G; and fg? be the grid size and the associated

optimal solution of the DA model, respectively. If G; < +/2R, the
DA model can cover the plane with circles with radius R around
each lattice point.

Theorem 4. The approximation ratio of DA model with G5 > R for
the USCP is larger than 3.

Proof. To prove that this is true, a counterexample that holds
3|7 < |}‘g§‘| is suggested: Let R =+/3 and |N| =4 with (¢}, @) =

(15 3! = Y5%). (3. 2fg1). (5. 43 + £5). and (~ . 3g") are
given. The USCP covers the given demand points with one cir-
cle: (x— %)2 + - @)2 = 3. Therefore, |F*| =1 holds. In the
DA model with Gy = V3, no lattice point that can cover more
than one given demand point. Thus, |[F2*| > 3 holds for the given

counterexample. O

Note that the approximation ratio is measured based on the
worst-case scenario. In most situations, the worst cases have the
extreme position of the demand points that spreading around cir-
cles with the coverage radius. In most instances, the objective
value of the approximated model was within the 30% gap from the
optimal value of USCP. Section 4 compares performances of the DA
and the PCA models with the exact model based on the computa-
tion speed and the objective value.

3.5. Framework of the solution algorithm for the PCBP model

Fig. 3 shows the overall framework of the solution algorithm
using the PCBP model.

The framework consists of three phases: approximation, B&P,
and flight position decision phase. At the first phase, informa-
tion on the positions of demand points is translated into a set of
pairwise-conflict constraints based on Jung’'s theorem. Constraint
(21) is calculated for each pair of demand points i and k based on
the distance dy and M. At the second phase, the PCBP algorithm
is executed for the set covering solution; this algorithm provides
only the set of demand points assigned for each UAV, unlike the
EBP algorithm, which also determines the position for each UAV.
Therefore, an additional phase is required to decide the position
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Input Information

1. Positions of demand points on the xy-plane
2. Wireless coverage radius of a UAV

UAV Set Covering Problem v

Phase 1: Approximation using Jung’s theorem

Define possible pairs of demand points

Phase 1 Output

v
Pairwise-conflict constraints based on
the distance between two demand points

Phase 2: Solve set covering proble‘p using branch-and-price algorithm

Set covering of demand points
based on pairwise-conflict constraints

Phase 2 Output v

Sets of demand points to be covered by each UAV
L

Phase 3: UAV flight position using,Welzl’s algorithm

Decide UAV destination position based on
set of assigned demand points

Output Information

1. UAV destination position

2. Set of demand points covered by each UAV

Fig. 3. Framework of the solution algorithm for PCBP model.

for each UAV. In the third phase, Welzl's algorithm is employed
for each UAV to provide the destination points. Since Welzl's algo-
rithm provides not only the circumcenter but also the circumra-
dius of the given set, the feasible region that the UAV needs to fly
to cover the demand points can be calculated based on the output
solution. Figs. 4a and 4b show solutions of the USCP, illustrated on
the xy-plane.

4. Computational experiments

We conducted computational experiments to measure the
performance of the proposed solution algorithms (Section 4.2).
Section 4.1 describes two datasets used for computational exper-
iments. The Euclidean standard (ES), Euclidean branch-and-price
(EBP), pairwise-conflict constraint approximated standard formu-
lation (PCS) and pairwise-conflict constraint approximated branch-
and-price algorithm (PCBP) models were developed in FICO Xpress
7.9 and solved with Xpress-Optimizer 33.01.02. MIQCP in the ES
and EBP models were solved by B&B in Xpress MIQCQP solver
using barrier algorithm for each nodes. The discrete approxima-
tion (DA) model was developed in FICO Xpress Python interface
8.6.1. and solved on Python 3.6. Experiments were performed with

Intel ® Core ™ i7-3820 CPU at 3.60 GHz and 24 GB of RAM oper-
ated on a Windows 10 64-bit operating system.

4.1. Datasets used in the experiments

Two datasets were used for the computational experiments. A
small-sized artificial dataset drew input from the benchmark data
of the customer position of a capacitated p-median test problem
in OR-Library (Beasley, 1990), which was introduced by Osman and
Christofides (1994). Based on the benchmark data, instances were
developed with three sizes of demand points: 10, 20, and 50. For
each size of the demand point, 10 instances were modeled by
distributing demand points uniformly on the 100 x 100 xy-
plane. Three coverage radii-10, 20, and 30-were tested for each in-
stance. A realistic-scale dataset was developed based on the well-
known dataset of Hurricane Katrina Fatalities (HKF), as reported
by Maaskant et al. (2018). HKF dataset includes data on the re-
covery of deceased victims of Hurricane Katrina, one of the most
notorious hurricanes ever faced by the United States. The HKF
dataset was used to measure the applicability of the proposed al-
gorithm in the actual situation and was named as a realistic-scale
dataset in this research. Detailed information on fatalities in the
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Fig. 4. Solution examples.

HKF dataset has been used in a variety of studies on disaster man-
agement (Brunkard et al., 2008; Jonkman et al., 2009). The recov-
ery data consists of GPS coordinates, type of recovery location, and
dates of the recovery of 771 fatalities of Louisiana. For the realistic-
scale dataset, 20 instances and 60 problems were generated based
on the 539 fatalities found in New Orleans. Fatalities were con-
sidered as demand points if the person could have survived if
they had wireless communication. Datasets using two sizes of de-
mand points-50 and 100-were developed. For each size of demand
points, 10 instances were generated by randomly picking demand
points from the original dataset. The GPS information was trans-
lated into Cartesian coordinates by equirectangular projection.

Using state-of-the-art wireless communication technology,
UAVs can construct a network with distances from 200 m to
1,000 m (Chand et al., 2018; Gu et al., 2015). Thus, three radii-200,
1,000, and 2,000 m-were tested for each instance. Fig. 4b shows a
solution of a realistic-scale dataset. In total, there were 15 classes
of problems, each consisting of 10 instances; 150 different prob-
lems ranging from small to large were conducted for the computa-
tional experiments.

4.2. Algorithmic performances

We compared the performances of the ES, DA, EBP, PCS, and
PCBP. For each experiment, the limitation of maximum computa-
tion time was set to 3000 seconds because rapid computation is
extremely important in disaster management. We conducted three
analyses for the algorithmic performances. First, we summarized
the computational experiments and compared the algorithmic per-
formance between the proposed algorithms from the perspectives
of computation time and optimality. A detailed analysis on the DA
model is presented, including the adequate grid size and the com-
parison between the DA and the PCBP model. Second, we con-
ducted further analysis of the B&P algorithm. Observations of root
node CG and the overall B&P algorithms were executed for the EBP
and the PCBP. The comparison consisted of the quality of the root
node LP bound, the number of columns generated for each stage,
and the computation times. Third, we provided a sensitivity analy-
sis of the proposed algorithms for managerial insight.

For the first analysis,Tables 1-3 summarize the computational
results of five algorithms, which are related to the computation
speed and optimality, respectively. The columns in these tables are

defined as follows:

 |N|: the number of demand points

e Rd: the coverage radius of a UAV

e #0pt: the number of problems for which the algorithm pro-
vided the optimal solution

e #Feas: the number of problems for which the algorithm pro-
vided at least one feasible solution

o Time: the average time for the computation to find the optimal
solution- For problems not solved within the time limit, the
limit was used as the computation time while calculating the
average.

e Gap;: the average of the gap between the best lower bound
(BB) and the best feasible solution (BFS)-For the problems for
which the algorithm provided optimal solutions, Gap; = 0 be-
cause the BB meets the BFS at the optimal solution. Gap; was
used to evaluate the convergence of an algorithm itself.

(BFS) — (BB)

Gap, = —————>

apL (BFS)

o # of UAVs: the average of the BFS, or the number of UAVs
needed to cover every demand point

e Gap: the average of the gap between # of UAVs of the EBP and
an algorithm-Gap was used to assess the optimality of an algo-
rithm comparing it with the EBP. It was possible for a problem
and an algorithm to have either positive or negative Gap.

_ (BFS of an algorithm) — (BFS of EBP)

- (BFS of EBP)

x 100%

Gap x 100%

In the field of aerial operation, some circumstances demand
sub-minute or sub-second time pressures. Table 1 shows that the
EBP could solve almost every problem within 100 seconds, and
the PCBP could solve every problem class except |N| =100 and
Rd =2,000, faster than the EBP. The computation speed between
the EBP and the PCBP depends on |N| and Rd, both of which affect
the sparsity of the problem. In the USCP, the sparsity of the prob-
lem is affected not only by the density of demand points but also
by the coverage radius of the UAVs. In sparse problems, demand
points are widely spread with a small coverage radius, resulting
in a relatively small number of demand points assigned to a UAV.
There is a tendency for the computation speed of the PCBP to be
faster than that of the EBP when the problem class is sparse. In the
artificial dataset, when Rd was less than 30, the PCBP was faster
than the EBP for 54 out of 60 instances. However, when Rd was 30,
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Table 1
Results related to the computation speed.
IN] Rd #0pt /#Feas Time(s) Gapy(%)
ES EBP PCS PCBP ES EBP PCS PCBP ES EBP PCS PCBP
10 10 2/10 10/10 10/10 10/10 2862.10 0.29 0.01 0.01 27.82 0.00 0.00 0.00
20 10/10 10/10 10/10 10/10 91.26 0.32 0.01 0.01 0.00 0.00 0.00 0.00
30 10/10 10/10 10/10 10/10 8.55 0.25 0.01 0.01 0.00 0.00 0.00 0.00
20 10 0/2 10/10 10/10 10/10 3000s 0.99 0.04 0.03 82.06 0.00 0.00 0.00
20 0/10 10/10 10/10 10/10 3000s 1.09 0.09 0.06 45.00 0.00 0.00 0.00
30 5/10 10/10 10/10 10/10 1531.02 0.68 0.04 0.20 12.50 0.00 0.00 0.00
50 10 0/0 10/10 9/10 10/10 3000s 10.39 393.99 2.02 96.00 0.00 0.77 0.00
20 0/0 10/10 8/10 10/10 3000s 14.46 663.61 22.49 96.00 0.00 2.27 0.00
30 0/8 10/10 10/10 10/10 3000s 8.35 3.15 70.02 68.05 0.00 0.00 0.00
50 200 0/0 10/10 10/10 10/10 3000s 3.10 0.79 0.18 95.80 0.00 0.00 0.00
1000 0/0 10/10 10/10 10/10 3000s 6.69 110.15 1.08 95.60 0.00 0.00 0.00
2000 0/0 10/10 10/10  10/10 3000s 7.07 95.14 7.38 95.75  0.00 0.00 0.00
100 200 0/0 10/10 10/10 10/10 3000s 32.02 360.90 3.72 98.98 0.00 0.00 0.00
1000 0/0 10/10 0/10 10/10 3000s 87.32 3000s 74.37 98.82 0.00 12.31 0.00
2000 0/0 10/10 1/10 10/10 3000s 69.65 2704.66 771.47 98.98 0.00 11.19 0.00
3000s: The solver failed to find the optimal solution within 3000s for every instance.
Table 2
Results related to the optimality.
IN| Rd # of UAVs Gap(%)
ES EBP PCS PCBP ES PCS PCBP
10 10 7.0 7.4 7.9 7.9 0.00 7.26 7.26
20 3.9 41 48 4.8 0.00 19.17 19.17
30 2.8 2.8 2.9 2.9 0.00 5.00 5.00
20 10 20.0 11.1 12.2 12.2 67.20 10.15 10.15
20 54 5.5 6.4 6.4 0.00 17.00 17.00
30 35 3.5 4.0 4.0 0.00 16.67 16.67
50 10 50.0 17.0 193 193 195.18 13.87 13.87
20 50.0 7.2 8.6 8.6 593.43 19.64 19.64
30 145 4.0 4.8 4.8 262.50 20.00 20.00
50 200 50.0 39.0 40.2 40.2 28.55 3.06 3.06
1000 50.0 174 19.9 19.9 188.93 14.45 14.45
2000 50.0 9.1 10.8 10.8 452.78 19.03 19.03
100 200 1000 653 68.0 68.0 53.39 4.08 4.08
1000 100.0 22.1 25.5 25.2 354.20 15.49 14.14
2000 100.0 10.0 12.0 11.9 912.37 21.12 19.87
Table 3
Performance of DA in accordance of grid sizes related to Rd.
IN| Rd Time(s) # of UAVs
Grid size of DA Grid size of DA
V2Rd Rd Rd[2 V2Rd  Rd  RdJ2
10 10 0.050 0.052 0.129 8.9 8.5 7.8
20 0.011 0.010 0.030 6.9 5.8 4.7
30 0.007 0.007 0.015 4.4 4.1 34
20 10 0.065 0.110 0.403 15.8 13.7 123
20 0.025 0.029 0.095 9.7 8.1 6.3
30 0.013 0.016 0.046 6.2 5.4 4.3
50 10 0.274 0.478 1.695 27.7 233 19.1
20 0.071 0.093 0.280 13.7 11.2 8.8
30 0.038 0.052 0.123 8.4 7.2 5.1
50 200 78.858 300.222 3885.516 41.5 40.8 40.0
1000 0.860 1.629 9.543 26.4 22.8 19.8
2000 0.193 0.313 1.169 14.7 134 10.8
100 200 320.876 822.009 10633.638 73.9 70.7 67.3
1000 3.682 6.733 32.115 35.1 30.5 25.6
2000 0.660 1.115 3.787 18.2 15.1 119

the EBP was faster than the PCBP for 11 out of 30 instances. Like-
wise, in the realistic-scale dataset, when Rd was less than 2,000,
the PCBP was faster than the EBP for 35 out of 40 instances, while
only 6 out of 10 instances were faster when Rd =2,000.

In some extremely dense problem classes in artificial dataset
Rd = 30, the computation speed of the PCS was faster than both

the EBP’s and the PCBP’s. Fig. 4a shows the PCS solution of Instance
1 in problem class |[N| =50 and Rd = 30. The 100 x 100 plane
can almost be covered by 5 UAVs with a coverage radius of 30.
Thus, the solution does not change much as |N| increases, which
means that the concurrent optimizer of the commercial solver pro-
vides the solution fast.



Y. Park, P. Nielsen and I. Moon/Computers and Operations Research 119 (2020) 104936

Table 4
Performance of DA in accordance of grid sizes.
IN]| Rd Time(s) # of UAVs
Grid size of DA Grid size of DA
32 16 8 4 2 1 32 16 8 4 2 1
10 10 - - 0.046 0.221 1.772 22.888 - - 7.9 7.7 7.7 7.5
20 - 0.013 0.045 0.213 1.747 22.472 - 4.8 4.5 4.2 4.1 4.1
30 0.006  0.013  0.043 0.216 1.875 23.778 4.2 3.2 2.9 2.9 29 2.8
20 10 - - 0135 0.667 5.596 88.567 - - 12.8 12 117 115
20 - 0034 0.125 0.611 5.341 91.234 - 7 6.2 5.7 5.6 5.6
30 0.014 0.032 0.120 0.613 5.346 93.324 52 4.1 3.7 3.6 3.5 35
50 10 - - 0.669 2.756 20.481 302.785 - - 212 186 178 174
20 - 0137 0.446 2.154 18.057 308.372 - 9.9 84 7.7 7.5 7.4
30 0.047 0113 0377 1.907 17.278 295.531 7.6 5.5 4.5 4.1 4 4
2048 1024 512 256 128 2048 1024 512 256 128
50 200 - - - 122536  1681.441 - - - 415 401
1000 - 1.823 9.508 110.616  1671.042 - 23.7 193 183 179
2000 0339 1.308 8.007 103.741 1677.347 13.2 10.8 9.9 9.5 9.2
100 200 - - - 502397 4295.910 - - - 723 687
1000 - 7117 35.634 311.769  3678.380 - 313 256 233 225
2000 1.079 3.906 24.819 280.069 3714.565 15.4 12.1 108 104 103

- : Grid size is bigger than the upper limit.

Table 2 shows the loss of optimality of the PCS and the PCBP.
There was a general tendency for the gap to improve when the
problem class became denser. The problems in the artificial dataset
had demand points on the fixed-size xy-plane; the larger num-
ber of demand points |[N| denoted the denser distribution of de-
mand points. The tendency mentioned above could be seen when
comparing the problem classes in the artificial dataset with the
same Rd but different [N|. In some cases, the approximation of the
PCS and the PCBP provided dramatic increases in Gap. However,
Gap measured in the ratio can be exaggerated when the objective
value is too small. For example, for an instance with |[N| = 50 and
Rd = 30, even though the objective value of the PCBP (which is 5)
is only 1 larger than the optimal value (which is 4), the Gap equals
25%. In total, for 10 out of 150 instances the actual difference of the
objective value between the PCBP and the EBP was greater than 3.

Tables 3 and 4 show the performance of the DA according to
the grid size based on two factors. Because the DA experiment was
performed on the Python and FICO Xpress Python interface with
a large-sized problem, the computation was executed even after
the time limit had passed (3,000 seconds). The problem classes
in which the DA showed shorter average computation times and
better average BFS than the PCBP are indicated in bold font. In
the problem classes with (|N|, Rd) = (50, 20), (50, 30), and (100,
2,000), the system could be covered perfectly with a number of
UAVs equal to about one-tenth the number of demand points.
Thus, it is reasonable to assume that for extremely dense prob-
lems, discretization can provide a good solution efficiently.

However, it is difficult to find a simple, standardized way to de-
cide the grid size. The most natural way is to base the grid size on
the multiples of Rd. As discussed in Section 3.4, the upper limit of
grid size Gy is v/2Rd. Table 3 compares three grid sizes—v/2Rd, Rd,
and Rd/2. For Gz =Rd, in 98 out of 150 instances, the DA found
the solution faster than the PCBP. However, the DA had only 22 in-
stances with the same objective value of the PCBP and no instance
with the lower objective value. For only five instances did the DA
perform better than the PCBP in terms of both computation speed
and optimality. For G; = Rd/2, the DA had only 61 instances with
shorter computation times than the PCBP; however, the DA also
had 22 instances with the better objective value and 76 instances
with the same objective value. In conclusion, the DA with a grid
size of Rd was faster than the PCBP but was not sufficient in terms
of optimality. At the same time, the DA with the grid size of Rd/2
was better than the PCBP in terms of optimality, though it was also
slower.

Instead of finding one standardized grid size as the multiple of
Rd, problem classes in which the DA performed well were noticed.
For problems with more density, the DA outperformed the PCBP
and could find near-optimal solutions within a shorter amount of
time than the EBP. Table 4 shows that for dense problems, the
DA with a grid size smaller than Rd/4 could be solved faster than
both the PCBP and the EBP. Appendix A compares the computa-
tion times and the objective values of the EBP, PCBP, and DA with
various grid sizes.

For the second analysis, we summarized the performance of the
B&P algorithm. The computation performances of the root node
and the overall B&P algorithm are listed separately. Table 5 com-
pares the integrality gap, the number of columns generated during
the algorithms, and the computation time of the root nodes and
their ratio compared to the overall B&P algorithm. The reformula-
tion of the problem and the CG in the root node provided strong
LP bound, which minimized the branching while solving the prob-
lem. The LP bounds and the process of branching are illustrated in
Table 6. The columns in Tables 5 and 6 are defined as follows:

o Integrality Gap: the average of the ratio of the BFS over the
lower bound-For the root node, the LP solution of the root node
was used for the lower bound. We used different BFS to the
EBP and the PCBP, because the solution space of the EBP in-
cluded the solution space of the PCBP. For the EBP, some prob-
lems could not be solved within the time limits. The better fea-
sible solutions found during the four algorithms were used as
the BFS for those unsolved problems. In addition, for the PCBP,
there was one unsolved problem, and the BFS of the PCS re-
placed the PCBP’s.

(BFS)

Integrality Gap = ower bound)

o # Columns: the average of the number of columns generated

while solving the root node and the overall B&P algorithm

Root Time: the average computation times needed to solve the

root node

o Time Ratio: the ratio of the computation times of the root node
over the overall B&P algorithm

(Root Time)
(Time)

 #IB: the number of problems that were solved for which the LP
bound was not changed by branching

Time Ratio = x 100%
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Comparison between branch-and-price algorithms.

IN] Rd Integrality gap # Columns Root time(s) Time ratio(%)
EBP PCBP EBP PCBP EBP PCBP EBP PCBP
Root B&P Root B&P Root B&P Root B&P
10 10 1.009 1.000 1.000 1.000 3.8 3.9 3.0 3.0 0.20 0.00 66.02  63.25
20 1.032 1.000 1.000 1.000 6.0 7.0 6.3 6.4 0.23 0.01 68.73  76.98
30 1.000 1.000 1.000 1.000 53 53 7.7 7.7 0.20 0.01 79.65 76.19
20 10 1.005 1.000 1.000 1.000 9.9 10.0 8.2 8.3 0.90 0.03 90.18  80.48
20 1.009 1.000 1.000 1.000 10.2 10.6 139 14.2 0.90 0.05 84.49  84.02
30 1.000 1.000 1.000 1.000 8.0 8.5 17.7 22.1 0.58 0.12 87.90 80.69
50 10 1.006 1.000 1.000 1.000 252 259 36.0 39.2 9.65 1.58 9339 8281
20 1.016 1.000 1.018 1.000 276 329 100.5 117.5 11.86 15.44 86.81 78.57
30 1.000 1.000 1.000 1.000 166 187 184.6 2115 6.80 53.26 90.95 80.98
50 200 1.000 1.000 1.000 1.000 9.5 9.5 8.4 8.4 2.75 0.14 88.29 75.34
1000 1.006 1.000 1.003 1.000 19.2 198 24.9 27.2 6.14 0.82 92.05 79.89
2000 1.018 1.000 1.005 1.000 189  20.1 57.8 71.4 6.46 4.17 91.29 71.23
100 200 1.000 1.000 1.000 1.000 214 214 20.7 20.7 30.30 3.34 94,53  89.67
1000 1.010 1.000 1.000 1.000 389 416 86.5 99.8 80.33 51.48 92.91 82.83
2000 1.010 1.000 1.004 1.000 29.6 328 2435 310.6 63.21 454.32 91.24 64.70
Table 6 Table 7
The change of the LP bound over the branching. The number of demand points assigned to one
IN| Rd EBP PCBP Nodes UAV.
#B  #B #B  #B EBP  PCBP Rd IN EBP peep
10 10 0 1 0 0 11 10 Avg. Max Avg. Max
20 1 3 1 1 1.6 1.1 10 10 1.4 24 1.3 23
30 0 0 0 0 1.0 1.0 20 1.8 33 1.7 3.1
20 10 0 1 1 1 1.1 1.1 50 3.0 5.9 2.6 53
20 0 1 1 1 1.2 1.2 20 10 2.5 4.0 2.1 3.6
30 1 1 2 2 1.2 1.6 20 3.7 6.3 3.1 5.5
50 10 1 3 5 5 1.4 2.2 50 7.0 11.7 5.8 10.0
20 0 3 3 6 2.5 4.1 30 10 3.8 53 3.6 4.7
30 1 1 4 4 1.2 29 20 5.8 8.7 5.0 7.7
50 125 18.8 10.5 14.9
50 200 0 0 0 0 1.0 1.0
1000 0 2 4 5 1.3 1.8 200 50 1.3 3.7 1.2 3.6
2000 2 5 6 7 1.6 3.1 100 1.5 7.2 1.5 7.2
100 200 0 0 0 0 1.0 1.0 1000 50 2.9 7.5 2.5 6.8
1000 2 6 6 6 2.2 2.6 100 4.5 139 4.0 115
2000 3 5 9 10 2.1 4.3 2000 50 5.5 11.8 4.7 9.5
100 10.1 23.9 8.4 19.3

o #B: the number of problems that were solved for which
branching was executed

» Nodes: the average number of nodes in the branch-and-bound
tree

As mentioned in Section 3.1, the LP relaxation neutralized the
coverage constraints (4) and (20) in the ES and the PCS, respec-
tively. In the extended formulation, however, even the LP solutions
satisfied the coverage constraints and had stronger LP bounds. Ac-
cordingly, unlike most of the literature on the B&P approach, it was
not significant to compare the LP bound between standard formu-
lations and the root node LP bounds of B&P algorithms; instead,
we compared the Integrality Gap between two B&P algorithms, as
shown in Table 5. Both EBP and PCBP had strong root node LP
bounds, considering that both algorithms had an integrality gap of
root node near 1 for almost every problem class. Notably, many
problems had an integrality gap of root node equal to 1, which
meant that the value of the root node LP bound was the same
as for the BFS. Likewise, the number of columns generated and
the computation times were highly concentrated on root nodes.
Table 6 shows the change of the LP bound over branching for a
detailed analysis of the performances of the CG algorithm on the
root node. The EBP and the PCBP provided a small integrality gap
as the nominal set covering problem and had a minimal number of
branches. Furthermore, after the root node CG was finished, a lim-
ited number of problems (32 of 150 problems in the EBP and 48

of 150 problems in the PCBP) had branching. Even if the branch-
ing occurred, many problems did not have any improvement of LP
bounds (11 of 32 problems in the EBP and 32 of 48 problems in
the PCBP) until the algorithm found its optimal solution. For dense
problem classes, as the computation times of PCBP increases, the
number of the generated columns followed. It is analogized that
in the dense problems, the possible combination of the demand
points satisfying Constraint (21) increased quickly and slacked the
computation speed.

For the third analysis, we provided insights for the decision
makers of disaster management. In the realistic-scale dataset, the
size of the xy-plane was not limited, so the sparsity of the prob-
lem was more related to the |N| than Rd. In the real-world, we
recommend the authorities to use the PCBP in the sparse disas-
ter situations, sparsely distributed survivors or UAVs of smaller ra-
dius. For the dense situations, the EBP or the DA with a small
grid size is recommended. Table 7 lists the number of demand
points assigned to one UAV (#DM), which is directly related to the
sparsity of the problem. At the same time, it can be used to pre-
dict the scale of the network traffic and to estimate capacity. In a
realistic-scale dataset, even though the average number of demand
points covered by one UAV maintained a reasonable size, the max-
imum #DM exceeded the realistic limitation of the traffic. How-
ever, considering that the distribution of #DM was skewed to the
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left, the solution would not change dramatically even if we were
to consider an additional constraint of an upper bound of #DM.
We could further speculate that in a real disaster, survivors are
distributed sparsely enough for the network transmission capac-
ity to be immaterial; in that case, the solution of the USCP could
be used without the capacity constraint. The sparsity of demand
points also hinders the improvement effect of network coverage.
The increase of Rd did not bring the same amount of increase of
#DM. Even though Rd increased fivefold, from 200 m to 1,000 m,
#DM increased only around twofold. On the other hand, for in-
creased |N|, #DM also grew, even though Rd did not change. Thus,
the number of UAVs required increased, but the growth rate was
less than 1. The results in Tables 2 and 7 can be used to plan the
cost-effective development objective of UAVs and wireless network
router. Based on the specifics of the developed system, the decision
maker can scale the required number of UAVs and make a response
plan.

5. Conclusions

This paper introduced the problem of developing a flight plan
for UAVs to provide a wireless network in the shadowed area of
a disaster environment. We defined the USCP as a set covering
problem with a fixed coverage radius constraint in Euclidean dis-
tance and without predefined candidates of positions. Due to the
quadratic constraints, a standard formulation of the USCP was not
solvable even for the smallest problems. A simple discrete approx-
imation model is proposed, and the approximation ratio of the
DA model with the grid size equal to the coverage radius is ana-
lyzed. An extended formulation and the associated B&P algorithm,
which were developed for the stronger LP bound, showed faster
computation speed. Based on the Ryan-Foster branching strategy
used for the B&P algorithm, we implemented Jung's theorem to
approximate the quadratic coverage constraint of the USCP into
the linear pairwise-conflict constraint. The approximation decom-
posed the decisions of the USCP into two separate decisions-UAV
position and set partition-and made only the set partition decision
relevant. The computational results showed that the EBP and the
PCBP were applicable for both small-sized artificial and realistic-
scale problems within a proper time limit. For sparse problems,
the PCBP provided the near-optimal solution faster than the EBP,
and for dense problems, the DA could find a better solution faster
than the PCBP.

For future research, a heuristic algorithm to develop a power-
ful initial column is expected to increase the computation speed,
considering the effective LP bounds provided by B&P algorithms.
To use the full capacity of UAVs, practical restrictions and possible
extensions should be applied in the USCP. The overlap interference
among UAVs, transmission capacity, and shadowing effects by ob-
stacles should be considered when creating the flight plan. There is
also an additional freedom of the flight altitude, which will change
the network coverage radius and the aforementioned effects. Fur-
ther research in different directions is also required, to address un-
certainty or incomplete information on demand points because of
the importance of the robust solution in disaster management.
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Appendix A. Comparison of the computation times and
objective value of the proposed algorithms

Figs. A.5-A.8 illustrate the effects of the DA model’s grid size on
the computation times and objective value. In each figure, either
nine or six problem classes are arranged in matrices, showing the
performance of the DA model over the different grid sizes; that are
juxtaposed with the outputs of the EBP and the PCBP. The compu-
tation times increase exponentially when the grid size decreases.
As is shown, it is difficult to find a universal value or a standard-
ized way to decide an appropriate grid size. However, for dense
problems, the DA model with a grid size of one-fourth of the cov-
erage radius could find near-optimal solutions within a reasonable
time.
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Fig. A.7. Computation time of realistic-scale problem.
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