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Abstract—This article proposes the distributionally robust mul-
tiperiod inventory model incorporating the buy-online-pickup-in-
store (BOPIS) and out-of-stock-home-delivery-service (OSHDS),
which are the representative services of omnichannel retailing.
Under this omnichannel system, the retailer operates both online
and brick-and-mortar (B&M) stores simultaneously, which allow
interactive flows of customer demands and desired products. The
BOPIS allows customers who buy products through the online
store to pick them up in the B&M store. Meanwhile, the OSHDS
allows customers who find the product they want out of stock in
a B&M store to receive it later, through express delivery from the
online store. To capture the correlated uncertain demands of the
BOPIS and OSHDS, we adopt a factor-based demand model that
is affinely dependent on predefined uncertain factors. To handle a
multistage decision process under uncertain demands, we utilize
a rule-based approximation and distributionally robust bound to
derive a tractable formulation. Computational results achieved in
this article offer some insights that BOPIS and OSHDS play a role
in providing retailer with flexibility, which could handle unsatisfied
demands efficiently.

Index Terms—Buy-online-pickup-in-store (BOPIS), distribu-
tionally robust optimization, inventory model, omnichannel
retailing, out-of-stock-home-delivery-service (OSHDS).

I. INTRODUCTION

W ITH the prevalent use of mobile devices, such as smart-
phones and tablet computers, significant changes have

occurred in the distribution industry [1]. The distinctive feature
of this, as it relates to contemporary retailing, is the “anytime,
anywhere” environment customers have come to expect. Using
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this platform to shop, customers interact with multiple chan-
nels, including the online and offline channels, and cross them
interchangeably to suit their demands [2]. For retailers, this
phenomenon emphasizes the necessity to find desired products
easily across channels by integrating channels accordingly [3].
Omnichannel retailing is one of the strategies that companies
utilize in this technical process. It is a compound word from the
Latin word omni, which means “everything” or “universal,” and
channel, which refers to the distribution channel of products [4].
As can be inferred from this compound word, the omnichannel
retailing allows customers to purchase products through every
channel available, including online and offline methods, from
anywhere in the world. By combining each distribution chan-
nel’s characteristics, customers can feel that they are shopping
at the same store on any channel at the time, regardless of the
type of channel they use [5].

The distribution industry originated from a single-channel
system, consisting of only one channel, such as the traditional
brick-and-mortar (B&M) store. As access to and use of e-
commerce became more widespread, retailers began operating
in a multichannel way [6]. This switch could acquire new cus-
tomers who could not be accessed through the single channel
by offering various options and conveniences [7]. Although the
multichannel marketing method has a stronghold on managing
customers across various channels, product management and
organizational management are still separate for each channel,
which does not create a seamless interface across multiple
touchpoints. There even have been competition within the same
company, which results in less efficient operation than an inte-
grated system offers [8], [9]. The introduction of a cross-channel
could compensate for the shortcomings of a multichannel by al-
leviating the competition among the separated channels that have
not achieved substantial interchannel integration. An elegant
solution to this problem was the introduction of the omnichannel
system, which is an integrated system that provides a seamless
shopping experience to customers [10].

The term omnichannel was first coined by the Harvard Busi-
ness Review in 2011, by replacing the words “multichannel”
or “cross-channel,” and has become the chosen word in the
distribution industry. The omnichannel system also has been
adopted as a survival strategy for retailers at traditional B&M
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Fig. 1. Comparison of online purchase and BOPIS with regard to delivery
time.

stores in the face of strong mobile shopping trends [11], [12].
In essence, the concentration of online stores caused the crisis
of offline stores. To overcome this crisis, companies introduced
the omnichannel, maintaining the advantages of an online store
while also utilizing the advantages of an offline store [13]. Main-
taining the offline store in the omnichannel system could reduce
product uncertainty among customers who want to purchase
through the online store [14]. An omnichannel system allows
customers to search for a product at any time, subsequently
having their products delivered whenever they choose [15].

Buy-online-pickup-in-store (BOPIS) is one of the represen-
tative services of the omnichannel system operated by major
multinational technology company, such as Apple, or worldwide
clothing companies, such as Gap, Banana Republic, Old Navy,
and Athleta. Xu et al. [16] demonstrated that the retailer will
maintain or lower the price after implementing the BOPIS. That
is, with this omnichannel service, customers can purchase the
product at a low price or benefit from the product’s promotion
through an online store and pickup the product at an offline
store, with no delivery time. Furthermore, this service could be
beneficial for customers who buy the product through an online
store but then want to return their products to get a different size
or to get a refund because of dissatisfaction with the product [17].
By exchanging or refunding a product immediately, customers
could save on the delivery time when compared with the online
purchasing process. Comparison between online purchase and
BOPIS concerning a return or exchange process is illustrated
in Fig. 1. Meanwhile, out-of-stock-home-delivery-service (OS-
HDS) was introduced, which has the opposite direction of the
flow of the BOPIS option. This service could prevent potential
lost sales when a product is out of stock by delivering the product
directly to the place where the customer wants to receive it.
Hence, the potential can be minimized, and backlogs can be
treated efficiently. Although express delivery incurs additional
costs, the system of ordering this way can nevertheless prevent
lost sales. With this omnichannel distribution setup, customers
can complete a purchase and receive orders even when the
pursued product is out of stock. Because of the two omnichannel
services, customers can simultaneously use various channels in
their shopping process, start their search using one channel,
and finish their purchasing in another. Due to the wave of
omnichannel distribution, customizing delivery choices based

Fig. 2. Framework of the supply chain system considering BOPIS and OSHDS
in an omnichannel system.

on the preference of each customer can now become practica-
ble [13], [15], [18]. Moreover, customers have more chances to
try out products for themselves before purchase [19].

From the retailer’s perspective, centralized inventory man-
agement through an omnichannel system can lower the amount
of on-hand inventory while increasing stocks available to meet
demand and acquire higher benefits of the omnichannel strat-
egy [13], [20]. However, adopting the omnichannel system
complicates inventory control [21], [22]. When it comes to
customer demand in the multichannel system, each channel is
responsible for its demand and fulfillment [23]. That is, the
demand in one channel does not affect the demand in another
channel, which can be handled independently [24]. Accordingly,
inventory managers exist for each channel, and each demand
is considered an independent demand. On the contrary, in the
omnichannel system, demand caught on one side can affect
the inventory level on the other side. When the demand within
each channel follows uncertainty, the dependency or correlation
among each channel should be considered [25], [26]. That is, de-
mand modeling in the omnichannel would be more complicated
than it is in the multichannel. As the omnichannel system became
the new norm in the distribution sector, the traditional inventory
control method reached the limit [27]. Before the emergence of
omnichannel system, the demand and information flows were
predictable in the whole supply chain system. Unlike how they
behaved within this traditional supply chain, the demand and
product in the omnichannel now flow in all directions. Customers
increasingly expect omnichannel fulfillment with browsing on
their smartphones. They also expect to be able to make purchases
online for in-home delivery. This expectation has hastened the
redesign of inventory and supply chain systems [28].

This article considers BOPIS and OSHDS from the perspec-
tive of the multiperiod inventory problem. We assume that two
types of directional flows exist between online and offline stores.
In the case of BOPIS, flow occurs from the online store to the
offline store, and this direction is vice versa for OSHDS. Since
all operations are made in the omnichannel system, we assume
that all series of processes are conducted by one retailer. Also,
to differentiate between the operation of a multichannel system,
we assume that all demands are not independently handled but
correlated. We illustrate the flows of the BOPIS and OSHDS
in Fig. 2. As shown in Fig. 2, we restrict the operation of the
omnichannel system to one manufacturer and one retailer who
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operates two types of inventories for the offline and online stores.
The contributions of our article apart from previous studies are
as follows.

1) We incorporated the BOPIS and OSHDS in the mul-
tiperiod inventory model, which are the representative
services of the omnichannel system. Most previous studies
have dealt with an analytical model to determine the
impact of omnichannel retailing on the price of a product.
However, this article covered the omnichannel retailing in
an inventory model, which has mostly not been consid-
ered.

2) The omnichannel system is operated in an integrated
manner, unlike the multichannel system that operates each
channel independently. We characterized the correlation
of the uncertain demand to incorporate the omnichannel
system’s distinctive feature from the perspective of de-
mand modeling.

3) The distributionally robust optimization approach was
utilized to ensure tractability in the mathematical model
under the correlated uncertain demand. We derived a
tractable model that features a second-order cone opti-
mization model that can be solved with a commercial
solver. By conducting various experiments, we verified the
tractability of the model and proposed managerial insights.

The rest of this article is organized as follows. Previous
relevant studies are investigated in Section II. In Section III,
we describe the inventory model considering BOPIS and OS-
HDS. Section IV presents the mathematical formulation and
distributionally robust optimization approach. In Section V, we
present and analyze the computational results. Finally, Sec-
tion VI provides a summary and critique of the findings, and
includes a discussion of the implications of the findings to
future research in this area. Throughout the article, we will use
bold characters to denote vectors, such as x. For the expression
of the planning horizon, t ∈ T represents t ∈ {1, . . . , T − 1}
and t ∈ T+ represents t ∈ {1, . . . , T}. The operators (·)+ and
(·)− mean max(·, 0) and −min(·, 0), respectively. Meanwhile,
uncertain values, including random variables, will be denoted
by the tilde, such as x̃.

II. LITERATURE REVIEW

In Section II-A, we investigated previous studies which con-
sidered the omnichannel system from the perspective of inven-
tory problem. In Section II-B, we examined previous studies
related to the (distributionally) robust optimization approach to
an inventory problem, which is closely related to our problem.
After giving a detailed account of the previous studies, we sum-
marized distinguishable features of this article from previous
studies.

A. Omnichannel Retailing

As the omnichannel retailing became a growing trend in
the retail sector, it also gained great interest from academia,
including operations management, supply chain management,
and inventory management [29], [30]. Gallino and Moreno [31]
studied the impact of sales of online store and offline store by

introducing the BOPIS concept. They interpreted the results
of the experiment with a cross-selling effect where customers
visited an offline store to receive products purchased through an
online store. Also, they analyzed a channel-shift effect where
customers researched the products through the online store and
then purchased them at an offline store. Gao and Su [20] analyzed
the effect of BOPIS from the information and convenience point
of view and how these two factors affect customers. The results
addressed that the BOPIS might be useful in attracting cus-
tomers, but it may cause unintended consequences by reducing
store traffic. Choi et al. [32] analyzed the contract type and
order point when a fashion company runs a franchise based on
the omnichannel system. They considered a situation where the
brand owner began selling to the franchisee’s offline store in the
first period and then to the online store in the second period.
They derived several insights by analyzing the closed-form so-
lution of the mathematical model. Zhang et al. [33] conducted a
comparative analysis of the difference between the omnichannel
strategy and the online store by considering the customer return
and cancellation. They provided the optimal price and inventory
decision through a mathematical model. They found that the
omnichannel system is more efficient than an online store in
terms of item pricing, returns and cancellations, and inventory
control.

Most studies considering the omnichannel have only fo-
cused on the single-period problem. Few researchers have ad-
dressed the multistage decision problem, but they have only
focused on the deterministic demand or price-dependent de-
mand. Gupta et al. [34] considered the omnichannel system in
which the retailer operates both multiple physical stores and
one online store. They developed a multiperiod mathematical
model to obtain the optimal price based on the price-sensitive
demand model and proposed a heuristic algorithm to over-
come the high complexity of the proposed mathematical model.
Zhang et al. [35] also conducted a study on fulfillment within the
BOPIS. They defined an in-store picking problem for BOPIS and
identified the best performance frontier. MacCarthy et al. [36]
studied the process of a retailer receiving a preorder through the
online store and then allowing for customer pickup at an offline
store. They analyzed conditions for the best strategy choice of
this process based on a game theory approach. However, this
article dealt with retailing services within a dual channel, where
each store competes, which is different from the BOPIS. Bayram
and Cesaret [19] considered a ship-from-store service model in
which orders were placed through an online store, and products
were delivered from the nearest offline store. They developed
a dynamic programming formulation to derive the retailer’s
optimal inventory order policy. To verify the performance of
the formulation, they conducted a comparative analysis with
the order policy in an independently operated channel. In the
case of the dynamic programming formulation, the tractability
could not be guaranteed when the data size increased. They
suggested a heuristic methodology that could solve the problem
efficiently in terms of computation time. Shi et al. [37] also
considered preordering within the BOPIS with both informed
and uninformed customers. They assumed that the retailer sold
the products to the informed customers by allowing them to
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preorder in the first period. Then, in the second period, products
were picked up by the customer, who understood the value of
the products ordered. They concluded that a preorder is not
always advantageous to retailers. Furthermore, they defined a
profitable condition for the retailer and argued that as the pro-
portion of informed customers increased, the condition would
become more profitable. Meanwhile, Jin et al. [17] considered
unreasonable recommendations to customers by stores, which
could be a shortcoming of the BOPIS in the omnichannel system.
They also regarded the ordering option that allows customers
to reserve an item through an online store and then pick it up
and pay for it in an offline store. By developing a theoreti-
cal model, they derived the optimal adoption strategy for this
service. Their comparative analysis concluded that BOPIS is
less profitable for retailers with both liberal and strict cancel-
lation policies, but allows retailers with moderate cancellation
policies. Jain et al. [38] considered the facility selection model
for BOPIS by utilizing the K-means clustering. By using their
analytical model, they were able to evaluate each zone based on
its demand, inventory carrying capacity, cost, and population
characteristics. In addition, they conducted case studies that
may aid understanding the selection of BOPIS facilities for
omnichannel services. Gupta et al. [39] considered the multi-
period Stackelberg game between an omnichannel retailer and a
manufacturer to describe joint production, pricing, and inventory
control. By formulating the leader–follower game based on the
mixed-integer nonlinear bilevel optimization problem, the man-
ufacturer and retailer could pursue their respective maximized
profits. By conducting numerical experiments, they could derive
some managerial insights including that a drop-shipping channel
could serve as an omnichannel characteristic but also assist in
generating a higher profit. They developed a leader–follower
game based on the mixed-integer nonlinear bilevel optimization
problem that allows manufacturers and retailers to maximize
their profits. Performing numerical experiments provided some
valuable insights into management, including that drop shipping
could serve as an omnichannel characteristic, while helping to
generate higher profits.

Various studies have considered the omnichannel system from
the perspective of inventory management and supply chain
management. However, the operation of BOPIS or OSHDS was
not considered in the multiperiod inventory model. Also, there
have been no studies dealing with uncertain parameters for the
inventory model for the omnichannel system.

B. Optimization Problem Under an Uncertain Environment

In the optimization field, stochastic programming and robust
optimization are representative methodologies for dealing an
uncertain environment. Fuzzy theory is another optimization
approach with the uncertainty, but it mainly entails ambigu-
ous subjective decisions rather than uncertainty of the input
parameter. In this article, we consider the uncertain demand in
the optimization model. That is, the literature review related to
the fuzzy theory is beyond the scope of this article. Thus, we
narrow the scope of the literature review on the optimization
model with the uncertain input parameter. In the case of the

stochastic program, the probability distribution of uncertain data
is assumed to be known or estimated [40]. The problem seeks the
decision variable that minimizes or maximizes the expectation
of the objective function under a given probability distribution.
On the other hand, in the case of the robust optimization, it is
assumed that uncertain data belongs to a specific uncertain set,
such as a box, ellipsoid, or polyhedron set, instead of estimating
the probability distribution. Unlike the stochastic program that
makes decisions about distribution, the robust optimization ap-
proach finds the optimal solution against the worst-case scenario,
which could be feasible for all possible realization of scenarios.
The robust optimization approach has the advantage in that it can
retain the tractability from the primal deterministic formulation
and could solve the problem without necessitating an estimation
of the full information of the distribution. However, because of
the conservative solution it mandates, it provides a worse solu-
tion than does stochastic programming. In the case of stochastic
programming, computational tractability is generally restricted,
except in certain conditions.

Meanwhile, the distributionally robust optimization approach
generalizes stochastic programming and robust optimization.
This approach finds the optimal solution based on the worst-
case distribution or worst-case expectation under an ambiguity
set, which contains the true distribution, but the distribution
is unknown. If the candidate distribution in the ambiguity set
contains only the true distribution, the problem becomes a
stochastic program. On the other hand, if the problem consid-
ers all distributions under the given support set, the problem
becomes a robust optimization [41], that is, the distributionally
robust optimization approach is a general form of the stochastic
programming and robust optimization, which provides a less
conservative solution than robust optimization does, while re-
taining tractability from the primal deterministic formulation.
This article considers the inventory policy of a retailer, based
on the multistage decision process with a correlated uncertain
demand. By utilizing the distributionally robust optimization
approach, correlated uncertain demands could be characterized
by the ambiguity uncertain factor, which only requires partial
information of distribution. Accordingly, we intensively survey
the literature which is relevant to (distributionally) robust op-
timization. Robust optimization began with the work in [42].
By defining the uncertainty set as a box shape, full perturba-
tion of uncertain data was allowed. It is a monumental article
that marks the beginning of robust optimization, but it has the
weakness of being too conservative. Robust optimization came
into the spotlight again from the reformulation of uncertain sets
of ellipsoid and polyhedron sets to provide less conservative
robust counterparts [43]–[45]. These uncertain sets were able
to reformulate robust counterparts with tractable second-order
cone programs and linear programs, respectively. This method-
ology has provided the optimal solution even for relatively large
data inputs, in part because of recent developments in comput-
ing power and commercial solvers dedicated to optimization.
However, these methodologies have a limitation in that they
must make a decision before all uncertain data are realized,
which is not suitable for a multistage decision process. The
development of robust optimization based on the multistage
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TABLE I
DISTINGUISHING FACTORS OF OUR RESEARCH FROM THE PREVIOUS RELEVANT RESEARCH

1ROPS: reserve-online-pick-up-and-pay-in-store.
2POPU: preorder-online, pickup-in-store.
3SFS: ship-from-store.
4TRO: target-oriented robust optimization.
5LDR: linear decision rule.

decision started with introducing the linear (affine) decision
rule by [46]. This methodology has changed decision-making
from the wait-and-see decision to the here-and-now decision,
which considers the variables as two types, including adjustable
and nonadjustable variables. Unfortunately, an adjustable robust
counterpart is generally computationally intractable. To tackle
this limitation, Tal et al. [46] adopted the linear decision rule
by restricting the decision variable as an affine function of the
uncertain demand. By reformulating the problem as an affinely
adjustable robust counterpart (AARC), the problem could then
be solved efficiently. With the development of AARC, plenty of
applications have been implemented on the various fields, in-
cluding transmission network, energy, warehouse, supply chain
contract, humanitarian logistics areas, and microgrid manage-
ment [46]–[51]. We refer readers who want to see more detailed
examples of the adjustable robust optimization approach to the
survey paper written by [52].

Distributionally robust optimization began with [53]. By con-
sidering the worst-case distribution in the newsvendor problem,
Scarf’s ordering rule was established. After that, this approach
was facilitated by [54], and later became the cornerstone of
the distributionally robust optimization approach. As a result,
the utilization of a distributionally robust bound, such as an
approximation from the stochastic program, also has been con-
ducted [41]. Chen and Sim [55] utilized the distributionally
robust bound to approximate the bound of the expectation of the
positive part. By utilizing the distributionally robust bound pro-
posed by Chen and Sim [55] and See and Sim [56] approximated
the multiperiod stochastic inventory model to the deterministic
second-order cone program. Based on this inventory model,
various application studies of the inventory model have been
conducted [49], [57], [58].

Recently, the tremendous number of studies that consider om-
nichannel retailing have been conducted. However, not much has
been studied from the perspective of the multiperiod inventory
model under an uncertain environment. Although Momen and
Torabi [59] adopted the distributionally robust optimization ap-
proach in the omnichannel system, they considered the problem
as a structure of game theory which is based on the single-period
problem. In [60], the robust multiperiod model considering the

omnichannel is considered, and the main omnichannel service
is ship-from-store service. We summarized the characteristics
of our research in Table I, to highlight the distinguishing factors
from previous research in the context of supply chain manage-
ment that looks at the omnichannel system.

III. PROBLEM DESCRIPTION

In this article, we consider a multiperiod inventory model with
a periodic review system on a discrete-time planning horizon.
The inventory manager of the retailer operates two types of
inventories simultaneously, which are online and offline stores.
In the online store, two types of customers are considered. One
of them is a typical online customer who purchases the product
by accessing the online store and then receiving it through the
parcel service. The other one is the customer who uses the
BOPIS approach. In this case, the customer buys the product
through the online store and picks it up by visiting the B&M
store personally. The customer who visits the offline store to
buy the product is the traditional B&M customer. Throughout
this article, the terms B&M demand, pickup demand, and online
demand will be used to refer to the three types of demands. The
BOPIS is the service for the customer who purchases the product
through the online store and picks it up at the B&M store (we
will use the “offline store” and “B&M store” interchangeably).
The OSHDS refers to the home delivery service of products
with unsatisfied demand (i.e., products that were out of stock)
in the B&M store. That is, the OSHDS is a service that delivers
the product to the B&M customer directly from an inventory of
an online store when the B&M customer faces stockout in the
B&M store. In other words, it is a system for responding to B&M
customers, not a specific demand that is separately considered.
We narrow the focus in this article to the service that customers
receive after visiting an offline store. Some retailers offer BOPIS
through a consignment location for distribution warehouses or
pickup locations, but the service is limited in this article to the
store. We made the following assumptions before developing
the mathematical model.

Assumption 1: There is a priority of fulfilment among the
three types of demands: BOPIS > B&M store > online store.
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The retailer operates the inventory by assigning priority to
the three types of demands. Customers who demand the BOPIS
option have already paid for the product and visit an offline store
to receive it. That is, the BOPIS option is available only when the
desired product is in-stock in a B&M store [61]. Accordingly, it
is natural that the fulfillment for the BOPIS is determined as the
first priority. If the product is out of stock, it may severely impact
the retailer’s reputation and lead to customer loss. Customers
who demand the B&M option but face the out-of-stock situation
do not present a problem because the backlog is available to
them through the OSHDS option as well. Finally, we assumed
the lowest priority for customers who demand the online option.

Assumption 2: The retailer can delay the delivery for the
online demand customer.

In practice, many online stores ask for forgiveness of delays by
offering free shipping. In addition, customers who cannot wait
for a late delivery can receive their item directly by using the
BOPIS option. We, therefore, assume that general online store
customers are generous with forgiving delivery delays. Given
the results of [62], this assumption is fully possible.

Assumption 3: When the retailer delays the order for the
customer of the online store, the delay is allowed until the
maximum period τ .

Although customers of online stores are assumed to forgive
delivery delays, the maximum period for the delay is assumed.
We consider the maximum period, τ , to incorporate the delay of
the delivery.

Assumption 4: When the retailer places an order from the
manufacturer, the lead time Lm is required. Meanwhile, when
the retailer sends the express delivery for the OSHDS, the lead
time Lr is required.

When a retailer places an order to a manufacturer, it is assumed
that a lead timeLm, including production time and delivery time,
is required. In the case of the OSHDS, it is assumed that a lead
time Lr, which is shorter than Lm, occurs when the delivery is
made directly from the online store inventory.

Assumption 5: OSHDS service is fulfilled at the start of each
period and sent at the end of each period.

We assume that OSHDS is sent at the end of each period be-
cause order decisions are made after observing realized demand
at each period. Since we develop the model based on the discrete
time planning horizon, demand is assumed to be realized at the
end of each period. Accordingly, making a decision of OSHDS
at the end of each period is natural with the passage of time.

A. Sequences of Decisions by the Inventory Manager

The inventory manager determines the order quantity to re-
spond to future demand over the period. The inventory manager
considers three types of demands, d̃t, φ̃t, and ξ̃t, which are B&M,
BOPIS, and online demands, respectively, at a period t ∈ T.
We assume that the inventory manager determines the order
quantity after observing the inventory level at the beginning
of each period. Although demands will be realized at a given
period at any time, we assume that they are realized at the end of
each period. It is also assumed that products had been ordered
before the lead time Lm and arrived at the end of each period.

Fig. 3. Decision sequence of the retailer.

TABLE II
PARAMETERS

Products that are not sold at the end of the period are carried over
to the next period, whereas unsatisfied demands are assumed to
be backlogged to the next period. The sequences of decisions by
the retailer are shown in Fig. 3.

IV. MATHEMATICAL FORMULATION

We propose a multiperiod inventory model that incorporates
the BOPIS and OSHDS simultaneously. We used parameters
and decision variables, which are represented in Tables II and
III, respectively. Based on the decision variables and the three
types of demands, we made three balance equations, which are
shown in Fig. 4. In the case of mt, it does not physically affect
the inventory level. Accordingly, we expressed it in parentheses.
For an online demand, the retailer can delay the delivery. On the
other hand, if a pickup demand customer visits the B&M store
to receive his or her product and the product is out of stock, this
can seriously damage the retailer’s image. Therefore, the retailer
should pay more attention to pickup demand and prioritize the
realization of that demand. Hence, we conceptually separate the
inventory of the offline store into two categories. Prioritizing
the demand of the customer who picks up items in the store can
be achieved by dividing the inventory into two categories and
imposing an enormous cost penalty to the unsatisfied pickup
demand.
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TABLE III
DECISION VARIABLES

Fig. 4. Three types of balance equations.

TABLE IV
TOTAL COSTS CONSIDERED IN THE OBJECTIVE FUNCTION

A. Deterministic Formulation

We begin with the mathematical formulation under the de-
terministic demand. In this model, all demands throughout the
entire planning horizon are regarded as deterministic values. We
used notations dt, ξt, and φt to distinguish the deterministic de-
mands from the uncertain demands, d̃t, ξ̃t, and φ̃t. The objective
function is to minimize the total costs within the entire planning
horizon. We considered the following costs in the objective
function, as given in Table IV.

We developed the deterministic formulation as follows:

min TOC + TIC + TDC + THC + TBC (1)

s.t. ut+1 = ut + xt−Lm
− dt + qt−Lr

t ∈ T (2)

vt+1 = vt + yt−Lm
− ξt t ∈ T (3)

wt+1 = wt + ot−Lm
+mt − qt − φt t ∈ T (4)

mt =

τ∑
k=1

mt,t−1+k t ∈ T (5)

(ut + xt−Lm
− dt)

− ≥ qt−Lr
t ∈ T (6)

(wt + ot−Lm
− qt − φt)

− ≥ mt t ∈ T (7)

xt + yt + ot +

τ∑
k=1

mt+1−k,t ≤ Ct t ∈ T (8)

ut + vt ≤ Ut t ∈ T+ (9)

wt + ot−Lm
− qt − φt ≤ Kt t ∈ T (10)

xt, yt, ot,mt, and qt ≥ 0 t ∈ T. (11)

The objective function (1) minimizes the total costs, within
the entire planning horizon. Constraints (2) represent the balance
equation among the order quantity, B&M demand, inventory
level, and realized OSHDS. Constraints (3) represent the bal-
ance equation among the pickup demand, relative inventory
level, and order quantity. Constraints (4) represent the balance
equation among the online demand, relevant inventory level,
order quantity, sent OSHDS, and express delivery for the online
demand. Constraints (5) indicate the delivery to be completed
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during an acceptable delay period τ . Constraints (6) and (7) are
the logical expressions that OSHDS and delayed delivery are
operated when the relevant inventories have negative numbers.
Constraints (8) indicates the order capacity of the manufacturer.
Constraints (9) and (10) represent the inventory capacities of the
offline and online stores, respectively. Nonnegative conditions
of the real variables are presented in Constraints (11). According
to Constraints (2) and (6), the OSHDS quantity from an online
store is transported when the inventory level of the B&M store
in Constraints (2) becomes negative number. In a manner sim-
ilar to Constraints (4) and (7), delayed delivery is transported
when the inventory level of an online store becomes negative
number.

In the case of the Constraints (6), the left-hand side (·)− are
reformulated to linear inequalities by introducing new auxiliary
variables, e−t and e+t , as follows:

(ut + xt−Lm
− dt)

− ≥ qt−Lr

⇐⇒ max (0,−ut − xt−Lm
+ dt) ≥ qt−Lr

⇐⇒

⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

qt−Lr
≤ e−t + e+t

qt−Lr
≤ ut − xt−Lm

+ dt + e−t + e+t
e−t ≥ −ut − xt−Lm

+ dt

e+t ≥ ut + xt−Lm
− dt

where e−t , e
+
t ≥ 0.

(12)

In a similar manner, we reformulated Constraints (7) as fol-
lows:

(wt + ot−Lm
− qt − φt)

− ≥ mt

⇐⇒ max (0,−wt − ot−Lm
+ qt + φt) ≥ mt

⇐⇒

⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

mt ≤ r−t + r+t
mt ≤ wt − ot−Lm

+ qt + φt + r−t + r+t
r−t ≥ −wt − ot−Lm

+ qt + φt

r+t ≥ wt + ot−Lm
− qt − φt

where r−t , r
+
t ≥ 0.

(13)

In this article, we developed a mathematical formulation as a
linear program. In practice, a fixed ordering cost or integer vari-
able could be considered. However, to utilize the distributionally
robust optimization approach, we developed the mathematical
formulation as a linear program as relevant previous studies
did [49], [56].

B. Factor-Based Demand Model

In the omnichannel system, the interaction between each
channel should be considered [63]. From a perspective of the de-
mand modeling, correlations among uncertain demands should
be regarded. In practice, precisely estimating the probability
distribution from past data is difficult. To capture the correlations
among uncertain demands based on partial information from the
descriptive statistics on data, we adopted a factor-based demand
model for t ∈ T as follows:

d̃t(z̃t) � d0t +

N∑
k=1

dkt z̃k

φ̃t(z̃t) � φ0
t +

N∑
k=1

φk
t z̃k

ξ̃t(z̃t) � ξ0t +

N∑
k=1

ξkt z̃k

1 ≤ N1 ≤ N2 ≤ · · · ≤ NT−1 = N and z̃k are unfolded until
k = 1, . . . , Nt.

The notations d0t , φ0
t , and ξ0t represent the nominal values of

B&M, pickup, and online demands, respectively. Perturbations
of demands are represented by the primitive uncertain factors
z̃k, and estimated coefficients dkt , φk

t , and ξkt . By developing
the demand model as affinely dependent on the uncertain fac-
tors, which means that at least one of the uncertain factors
can be defined as an affine combination of the others, corre-
lations among demands, or crossover during the period can be
characterized. We made assumptions of uncertain factors z̃ in
Assumption A.

Assumption A: Uncertain factors z̃ are random variables
whose first and second moments are zero mean and positive
definite covariance matrix Σ, respectively. Although the distri-
bution is unknown, each factor is distributed on the second-order
conic representable set W , including interval, polyhedron, and
ellipsoid sets.

As shown in Assumption A, we only consider partial in-
formation about distribution which characterizes an ambiguity
demand. If the demand model is regarded as a random variable
with the full information about the probability distribution, the
mathematical model becomes a multistage stochastic program,
which is represented as follows:

min STOC + STIC + STDC + STHC + STBC

s.t. ut+1(z̃t) = ut(z̃t−1) + xt−Lm
(z̃t−Lm−1)

− dt(z̃t) + qt−Lr
(z̃t−Lr−1) t ∈ T

vt+1(z̃t) = vt(z̃t−1) + yt−Lm
(z̃t−Lm−1)

− ξt(z̃t) t ∈ T

wt+1(z̃t) = wt(z̃t−1) + ot−Lm
(z̃t−Lm−1)

+mt(z̃t−1)− qt(z̃t−1)− φt(z̃t) t ∈ T

mt(z̃t−1) =
τ∑

k=1

mt,t−1+k(z̃t−1) t ∈ T

(ut(z̃t−1) + xt−Lm
(z̃t−Lm−1)− dt(z̃t))

−

≥ qt−Lr
(z̃t−Lr−1) t ∈ T

(wt(z̃t−1) + ot−Lm
(z̃t−Lm−1)− qt(z̃t−1)

− φt(z̃t))
− ≥ mt(z̃t−1) t ∈ T

xt(z̃t−1) + yt(z̃t−1) + ot(z̃t−1)
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+

τ∑
k=1

mt+1−k,t(z̃t−1) ≤ Ct t ∈ T

ut(z̃t−1) + vt(z̃t−1) ≤ Ut t ∈ T+

wt(z̃t−1) + ot−Lm
(z̃t−Lm−1)− qt(z̃t−1)

− φt(z̃t) ≤ Kt t ∈ T

xt(z̃t−1), yt(z̃t−1), ot(z̃t−1),mt(z̃t−1),

and qt(z̃t−1) ≥ 0 t ∈ T
(14)

where

STOC = E

[∑
t∈T

ct (xt(z̃t−1) + yt(z̃t−1) + ot(z̃t−1))

]

STIC = E

[∑
t∈T

(stqt(z̃t−1))

]

STDC = E

[∑
t∈T

(ptmt(z̃t−1))

]

STHC = E

[∑
t∈T

[
hu,t(ut+1(z̃t))

+ + hv,t(vt+1(z̃t))
+

+ hw,t(wt+1(z̃t))
+
) ]

STBC = E

[∑
t∈T

(
bu,t(ut+1(z̃t))

− + bv,t(vt+1(z̃t))
−)] .

(15)

Based on the decision sequences, which are illustrated in
Fig. 3, we restrict the unfolded uncertain factors in the stochastic
program (14).

1) Linear Order Policy (LOP): Unfortunately, evaluating the
expectation of the multistage stochastic program is computa-
tionally intractable. To overcome the limitation of the stochastic
program, we utilized the rule-based approximation. By restrict-
ing the decision variable as an affine function of the uncertain
factors z̃, the multistage decision process under the uncertain
demand could be derived to the tractable formulation [46], [56].
Throughout the rest of this article, we will use the term LOP to
refer to the linearly restricted decision variable

xt(z̃) = x0
t +

N∑
k=1

xk
t z̃k yt(z̃) = y0t +

N∑
k=1

ykt z̃k

ot(z̃) = o0t +

N∑
k=1

okt z̃k qt(z̃) = q0t +

N∑
k=1

qkt z̃k

mt(z̃) = m0
t +

N∑
k=1

mk
t z̃k. (16)

To make the decision based on the realized uncertain factors,
which is referred to as the nonanticipative property, uncertain
factors, which are not observable in each period, could be
restricted. By adding the following constraints, this property

can be incorporated:

xk
t , y

k
t , o

k
t , q

k
t ,m

k
t = 0 ∀k ≥ Nt−1 + 1. (17)

Hence, the retailer could establish the order decision based on
the realized uncertain factors at the beginning of each period t.

Remark 1: The decision variable mt,t−1+k is also linearly
dependent on uncertain factors, z̃k, as follows:

mt(z̃t−1) =
τ∑

i=1

mt,t−1+i(z̃t−1)

⇐⇒ m0
t +

N∑
k=1

mk
t z̃k=m0

t,t +m0
t,t+1 +· · ·+m0

t,t−1+τ

+

N∑
k=1

(
mk

t,t +mk
t,t+1 + · · ·+mk

t,t−1+τ

)
z̃k

=

τ∑
i=1

(
m0

t,t−1+i +

N∑
k=1

(
mk

t,t−1+iz̃k
))

.

Remark 2: The decision variables of inventory level ut+1 are
affine functions of the uncertain factors as follows:

ut+1(z̃) = u0
1 +

t∑
i=1

xi−Lm
(z̃)−

t∑
i=1

di(z̃) +

t∑
i=1

qi−Lr
(z̃)

= u0
1 +

t∑
i=1

((x0
i−Lm

− d0i + q0i−Lr
)

+

N∑
k=1

(xk
i−Lm

− dki + qki−Lr
)z̃k)

= u0
t +

N∑
k=1

uk
t z̃k. (18)

In the same manner, inventory levels vt+1 and wt+1 also
feature linear functions of the uncertain factors. The LOP for-
mulation of the inventory level ut+1(z̃) also features the nonan-
ticipative property. In the same manner, decision variables vt(z̃)
and wt(z̃) become linear functions of the predefined uncertain
factors and feature nonanticipative properties.

Remark 3: The auxiliary variables, e−t , e
+
t , r−t , and r+t , repre-

sented in (12) and (13), are also affected by the uncertain factors
in the stochastic formulation (14). Accordingly, the auxiliary
variables are formulated as linearly dependent on the uncertain
factors as follows:

e−t (z̃) = e−t,0 +
N∑

k=1

e−t,kz̃k e+t (z̃) = e+t,0 +

N∑
k=1

e+t,kz̃k

r−t (z̃) = r−t,0 +
N∑

k=1

r−t,kz̃k r+t (z̃) = r+t,0 +

N∑
k=1

r+t,kz̃k.

2) Upper Bound of E[(·)+]: The objective function of the
multistage stochastic program consists of ordering cost (STOC),
OSHDS cost (STIC), delivery cost (STDC), inventory holding
cost (STHC), and backlog cost (STBC). When the LOP is
introduced to the multistage stochastic program, STOC, STIC,
and STDC can easily be handled under the Assumption A as
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follows:

E (ctxt(z̃t−1)) = E

(
ct(x

0
t +

N∑
k=1

xk
t z̃k)

)
= ctx

0
t . (19)

In the same way, as shown in (20), both STIC and STDC can
be reformulated by using LOP. Accordingly, STOC, STIC, and
STDC, are reformulated as RTOC, RTIC, and RTDC as follows:

RTOC =
∑
t∈T

ctx
0
t

RTIC =
∑
t∈T

stq
0
t

RTDC =
∑
t∈T

ptm
0
t . (20)

Due to the expected positive and negative parts in the objective
function (15), STHC and STBC could not be derived directly as
shown in (19). To handle these cumbersome parts, we utilized the
distributionally robust bound proposed by [55]. A close upper
bound of the expected positive part could be obtained by utilizing
the LOP under the ambiguity uncertain demand. By adopting the
work of [55], three types of upper bound functions of E((y0 +
y′z̃)+) can be defined as follows:

π1(y0,y) �
(
y0 +max

z̃∈W
z̃′y
)+

π2(y0,y) � y0 +

(
−y0 +max

z̃∈W
z̃′(−y)

)+

π3(y0,y) �
1

2
y0 +

1

2

∣∣y0,Σ1/2y3

∣∣
2
.

Theorem 1: By minimizing the three upper bounds, π1, π2,
and π3, the tighter upper bound π can be derived [55]

π(y0,y) � min
y0
i ,yi

π1(y
0
i ,yi) + π2(y

0
i ,yi) + π3(y

0
i ,yi)

s.t. y01 + y02 + y02 = y0

y1 + y2 + y3 = y.

Remark 4: We utilized only three upper bounds, unlike Chen
and Sim [55], who proposed five types of bounds.

See and Sim [56] mentioned the bound obtained by minimiz-
ing three bounds could provide a sufficiently tight bound. The
remaining two bounds, which are not covered in this article,
could be interpreted as the infinite values of the forward and
backward deviations, which are acceptable characteristics in
practice.

By utilizing the distributionally robust bound, the tighter
upper bound, π(y0,y), could be obtained with the following
optimization problem, which is represented as epigraph form:

π(y0,y) = min M1 +M2 +M3

s.t. y01 +max
z̃∈W

z̃′y1 ≤M1

M1 ≥ 0

max
z̃∈W

z̃′(−y2) ≤M2

y02 ≤M2

1

2
y03 +

1

2

∣∣y03 ,Σ1/2y3

∣∣
2
≤M3

y01 + y02 + y03 = y0

y1 + y2 + y3 = y

Mi, y
0
i ∈ R, yi ∈ RN , i = 1, . . . , 3.

(21)

Theorem 2: By solving the optimization problem (21), the
tighter bound can be achieved as the following inequality
presents [55]:

E
(
(y0 + y′z̃)+

) ≤ π(y0,y) ≤ min
i=1,2,3

πi(y
0
i ,yi). (22)

Hence, we could derive the upper bound of the STHC, which
is represented as, RTHC, as shown in the following:

RTHC =
∑
t∈T

(
hu,tπ(u

0
t+1,ut+1) + hv,tπ(v

0
t+1,vt+1)

+ hw,tπ(w
0
t+1,wt+1)

)
. (23)

Theorem 3 ([55]): In the case of the upper bound of E(·)−,
it could be derived as follows:

E
(
(y0 + y′z̃)−

) ≤ π(−y0,−y) ≤ min
i=1,2,3

πi(−y0i ,−yi).

(24)

Accordingly, we could derive the RTBC from the STBC, as
shown in the following:

RTBC=
∑
t∈T

(
bu,tπ(−u0

t+1,−ut+1)+bv,tπ(−v0t+1,−vt+1)
)
.

(25)

3) Affinely Adjustable Robust Counterpart: Based on the
approximated upper bound from (15), which consists of (20),
(23), and (25), an AARC of the LOP formulation is derived as
follows:

min RTOC + RTIC + RTDC + RTHC + RTBC (26)

s.t.

⎧⎪⎨
⎪⎩
uk
t+1 = uk

t + xk
t−Lm

− dkt + qkt−Lr

vkt+1 = vkt + ykt−Lo
+mk

t−Lm
− ξkt

wk
t+1 = wk

t + okt−Lm
+mk

t − qkt − φk
t

(27)

k ∈ 0 . . . N ; t ∈ T{
xk
t , y

k
t , o

k
t , q

k
t , m

k
t = 0 k ≥ Nt−1 + 1; t ∈ T;

uk
t+1, v

k
t+1, w

k
t+1 = 0 k ≥ Nt + 1; t ∈ T;

(28){
mk

t =
∑τ

i=1 m
k
t,t−1+i k ∈ 0 . . . N ; t ∈ T; (29)

⎧⎪⎪⎪⎨
⎪⎪⎪⎩
qkt−Lr

≤ e−t,k + e+t,k
qkt−Lr

≤ uk
t − xk

t−Lm
+ dkt + e−t,k + e+t,k

e−t,k ≥ −uk
t − xk

t−Lm
+ dkt

e+t,k ≥ uk
t + xk

t−Lm
− dkt

(30)

k ∈ 0 . . . N ; t ∈ T
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⎧⎪⎪⎪⎨
⎪⎪⎪⎩
mk

t ≤ r−t,k + r+t,k
mk

t ≤ wk
t − okt−Lm

+ φk
t + r−t,k + r+t,k

r−t,k ≥ −wk
t − okt−Lm

+ φk
t

r+t,k ≥ wk
t + okt−Lm

− φk
t

(31)

k ∈ 0 . . . N ; t ∈ T⎧⎪⎪⎪⎨
⎪⎪⎪⎩
x0
t + y0t + o0t +

∑τ
i=1 m

0
t+1−i,t +

∑N
k=1(

xk
t + ykt + okt +

∑τ
i=1 m

k
t+1−i,t

)
z̃k ≤ Ct

w0
t + o0t−Lm

− q0t − φ0
t +

∑N
k=1(

wk
t + okt−Lm

− qkt − φk
t

)
z̃k ≤ Kt

(32)

∀k, z̃k ∈W ; t ∈ T{
u0
t + v0t +

∑N
k=1

(
uk
t + vkt

)
z̃k ≤ Ut (33)

∀k, z̃k ∈W ; t ∈ T+

⎧⎪⎪⎪⎨
⎪⎪⎪⎩
x0
t +

∑N
k=1 x

k
t z̃k ≥ 0, y0t +

∑N
k=1 y

k
t z̃k ≥ 0

q0t +
∑N

k=1 q
k
t z̃k ≥ 0, m0

t +
∑N

k=1 m
k
t z̃k ≥ 0

e−t,0 +
∑N

k=1 e
−
t,kz̃k ≥ 0, e+t,0 +

∑N
k=1 e

+
t,kz̃k ≥ 0

r−t,0 +
∑N

k=1 r
−
t,kz̃k ≥ 0, r+t,0 +

∑N
k=1 r

+
t,kz̃k ≥ 0

∀k, z̃k ∈W ; t ∈ T. (34)

Constraints (27)–(31) feature linear forms in the previous
mathematical model. However, uncertain factors still remain in
Constraints (32) and (33). To establish these constraints as the
robust counterpart, we defined the inner optimization problem
in each constraint as follows:

x0
t + y0t + o0t +

τ∑
i=1

m0
t+1−i,t +

N∑
k=1(

xk
t + ykt + okt +

τ∑
i=1

mk
t+1−i,t

)
z̃k ≤ Ct, z̃k ∈W

⇐⇒ x0
t + y0t + o0t +

τ∑
i=1

m0
t+1−i,t +max

z̃∈W

N∑
k=1(

xk
t + ykt + okt +

τ∑
i=1

mk
t+1−i,t

)
z̃k ≤ Ct (35)

u0
t + v0t +

N∑
k=1

(
uk
t + vkt

)
z̃k ≤ Ut, z̃ ∈W

⇐⇒ u0
t + v0t +max

z̃∈W

N∑
k=1

(uk
t + vkt )z̃k ≤ Ut (36)

w0
t + o0t−Lm

− q0t − φ0
t +

N∑
k=1

(
wk

t + okt−Lm
− qkt − φk

t

)
z̃k

≤ Kt, z̃ ∈W

⇐⇒ w0
t + o0t−Lm

− q0t − φk
t +max

z̃∈W

N∑
k=1

(
wk

t + okt−Lm
− qkt − φk

t

)
z̃k ≤ Kt. (37)

We also developed robust counterparts for nonnegative con-
ditions of decision variables (34) by defining the inner optimiza-
tion problem as follows:

x0
t +

N∑
k=1

xk
t z̃k ≥ 0, z̃ ∈W

⇐⇒ x0
t −max

z̃∈W

N∑
k=1

xk
t z̃k ≥ 0. (38)

In the same manner, as we reformulated the nonnegative
condition in (38), other decision variables, yt(z̃k), qt(z̃k),
and mt(z̃k), and auxiliary variables, e−t (z̃), e

+
t (z̃), r

−
t (z̃), and

r+t (z̃), are reformulated to the robust counterparts. Under As-
sumption A, the inner optimization problem could be reformu-
lated to the equivalent second-order cone program (including the
linear program) because we assumed that the uncertain factors
lie on the second-order conic representable set. The robust
counterpart depends on the choice of the uncertain set. When
the polyhedron set is chosen, the robust counterpart will feature
the linear program [45]. On the other hand, the second-order
cone program will be developed when the ellipsoid uncertain
set is considered [43]. More details can be found in previous
relevant studies [49], [56].

To sum up, we adopted the distributionally robust optimiza-
tion approach to overcome the limitations of the stochastic
optimization model: 1) estimating full information about the
demand distribution and 2) tractability issue. Distributionally
robust optimization is a methodology that takes into account the
worst-case distribution or worst-case expected cost under an am-
biguity set, containing a true distribution, rather than assuming a
specific distribution for uncertain data. It can be characterized by
considering an ambiguity demand through partial information
obtained from descriptive statistics, such as means, covariance,
and supports. To solve the multistage decision process under
the ambiguity demand, an adjustable robust optimization based
on wait-and-see decision could be considered. However, an
adjustable robust counterpart is generally NP-hard, which is
computationally demanding [46]. Accordingly, we utilized a
rule-based approximation and a distributionally robust bound
to derive the tractable formulation. As a result, the determin-
istic second-order cone program, which could be solved by
the interior point method within polynomial time, is derived.
Based on the derived formulation, we conducted computational
experiments and reported computational results in Section V.

V. COMPUTATIONAL EXPERIMENTS

A. Demand Process

The factor-based demand model can capture the dependency
or correlation of different demands across the periods by es-
timating the coefficients of the uncertain factors statistically
from historical data [49]. The auto-regressive moving average
(ARMA) model, which is the representative methodology of
predicting future demand as the stochastic process, is modeled
from past data. In addition, the vector autoregressive moving
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average (VARMA) model can be used to capture correlation or
dependency among demands as well as its own past data. If the
VARMA or ARMA process is invertible and stable, the process
could be represented as a moving average (MA) process [64].
See and Sim [56] utilized the demand process by regarding
the factor-based demand model as an MA process, which was
proposed by Graves [65] in the inventory model. Although the
stochastic process regards the uncertain part as a white noise,
which follows the normal distribution with a zero mean and an
estimated covariance (or variance), it could be truncated to the
appropriate support set. That is, the white noise could be induced
to the uncertain factor, which means the stochastic process could
be regarded as the factor-based demand model. Based on the
demand model proposed by [65], the factor-based demand model
can be regarded as follows:

d̃t(z̃t) = μ+ z̃t + αz̃t−1 + αz̃t−2 + · · ·+ αz̃1

= μ+ z̃t +
t−1∑
k=1

αz̃k

= dt−1(z̃t−1)− (1− α)z̃t−1 + z̃t

where μ and α indicate the mean value and weighted value of
the impact of past errors on the present value, respectively.

When α = 1, this stochastic process features a random walk,
while the demand process is stationary independent and identi-
cally distributed whenα = 0. From 0 to 1, when theα increases,
the stochastic process features the property of the nonstationary
process [56]. In sum, we estimate a VARMA model to incor-
porate the dependency of different demands across the different
periods, and then induce it as a factor-based demand model.

B. Experiment 1: Verification of the AARC

We used the commercially available software Xpress-MP to
conduct computational experiments. First, we conducted ex-
periments to verify the performance of the AARC. Since the
derived model provides the objective value as an upper bound
of the expected cost, we need to check the loss during the
approximation process. We compared the objective value with
the expected value given perfect information (EV | PI) as a
benchmark. As mentioned in Section IV, evaluating the expected
value in the multistage decision process is generally intractable.
As an alternative to the multistage stochastic model, EV | PI
could be utilized [49]. We calculated the EV | PI by generating
10 000 samples of demands and computing the average value
of the objective value of the deterministic formulation. Also, we
conducted simulation experiments to verify the LOP. The LOP
is not the fixed order quantity, but the decision rule over the
planning horizon. Thus, the actual order quantity is dependent
on the realized uncertain factors. To verify the upper bound
of the expected value, we conducted simulation experiments
10 000 times, based on the randomly realized uncertain factors.
All parameters used for the computational experiments are
generated randomly. (See Table IX in Appendix.) The results
of the experiments are tabulated in Table V. As can be seen
from Table V, there were no significant differences between the
expected upper bound of the LOP formulation and the EV |PI. In

TABLE V
RESULTS OF EXPERIMENT 1: VERIFICATION OF THE PERFORMANCE OF AARC

other words, the loss in the approximation process was relatively
small and, a reasonable order policy was provided. Also, the
results of the simulation inventory runs show that the LOP
did not show much variability, according to the 10 000 times
we ran the simulation experiments. The mean value did not
significantly differ from the expected upper bound of the LOP. If
more simulations are performed, they will converge to a closer
value. We believe the LOP could be utilized even if the demand
volatility is high.

C. Experiment 2: Effect of the Support of Uncertain Factors

We performed the computational experiments to examine the
effect of the support of the uncertain factors on the inventory
cost. By varying the maximum support from 1 to 4, we solved
the problem with the LOP formulation. With the obtained order
policy from the LOP formulation, we also conducted simulation
experiments 10 000 times for each instance. In addition, EV | PI
was calculated by generating the uncertain factors with 10 000
times to see how the expected cost of stochastic programming
differs from the approximation process as support increases.
We present the computational results in Table VI. As can be
observed from Table VI, the expected cost of the LOP formu-
lation increases when the maximum support of the uncertain
factor increases. The same trend was observed in the mean
of the simulation studies. Since the AARC seeks the optimal
solution with the worst-case expectation, the expected cost of
LOP and simulation results show an increasing tendency when
the supports of uncertain factors increase. The range of the uncer-
tain demand, which the uncertain factors could realize, widens
and makes the larger expected cost respond to the worst-case
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TABLE VI
RESULTS OF EXPERIMENT 2: EFFECT OF THE SUPPORT OF UNCERTAIN FACTORS

TO THE EXPECTED COSTS AND SIMULATION RESULTS

TABLE VII
RESULTS OF EXPERIMENT 3: VERIFICATION OF EFFECT WITH OPERATING

BOPIS AND OSHDS SIMULTANEOUSLY

distribution. In the case of the EV | PI, substantial fluctuations
were not observed, even though the support increased. Conse-
quently, gaps between the EV | PI and LOP, and EV | PI and the
mean of the simulation studies become more prominent when
the supports of the uncertain factors increase.

D. Experiment 3: Simultaneous Operations of BOPIS and
OSHDS

We analyzed the advantages of simultaneous operations of
BOPIS and OSHDS by conducting comparative experiments.
We assumed the following three types of systems:

i) operating only BOPIS,
ii) operating only OSHDS, and

iii) BOPIS and OSHDS simultaneously.
To highlight the feature of systems (i) and (ii), we illustrate

the framework in Figs. 5 and 6 in Appendix. In the case of (ii)
OSHDS, the demand ξ̃ is not included. Instead, we assumed
that this service option could carry the B&M demand. The com-
parative experiments were conducted based on the same input
parameters, and results are tabulated in Table VII. We observe
that the expected cost and mean of the simulated inventory runs
of the simultaneous operations of the BOPIS and OSHDS show
the lowest value among the three types of operations. In the
instance we considered, the effect of BOPIS was larger than

TABLE VIII
RESULTS OF EXPERIMENT 4: ANALYSIS OF TENDENCY OF OSHDS WHEN

BOPIS DEMAND IS DIVIDED INTO B&M STORE DEMAND AND

ONLINE STORE DEMAND

that of OSHDS. The operation cost was much higher when
only OSHDS was considered, as compared to the operation
cost of BOPIS alone. By excluding BOPIS, the retailer had
to handle a large amount of demand in the B&M store, which
naturally resulted in unsatisfied demand. BOPIS can play a role
in increasing demand by attracting the attention of customers,
but it also provides retailers with flexibility in terms of efficient
inventory management.

We conducted additional experiments on how OSHDS be-
haves when BOPIS demand is divided into B&M store demand
and online store demand. The previous experimental data were
structured in a format in which B&M store demand and online
store demand share the demand of BOPIS according to the ratio
of β. In addition, an experiment was performed on the demand
reduced byγ rather than all demand for BOPIS being transferred.
That is, the demands of B&M and online stores are assumed to
be as follows:

dt ← dt + β · γ · ξt
φt ← φt + (1− β) · γ · ξt.

With the newly generated demands, we conducted additional
experiments and results are tabulated in Table VIII. As can be
observed from Table VIII, a decreasing tendency was shown
when the value of β decreased. This tendency could be inter-
preted to mean that the unsatisfied demand of the online demand
could be alleviated by the delayed delivery option. Although the
unsatisfied demand of the B&M store demand could be handled
by the OSHDS, the delayed option of the online store can be
said to be more efficient in terms of inventory cost operation.

VI. CONCLUSION

A paradigm shift from the multichannel to the omnichannel
system aids customers with their individual preferences and
shopping convenience. From the perspective of the retailer, how-
ever, this shift makes controlling the inventory system more com-
plicated due to the increase of the number of customer choices.
In this article, we considered the BOPIS and OSHDS, which
are representative examples of omnichannel characteristics. The
opposing characteristics of the BOPIS and OSHDS options were
incorporated in the mathematical formulations. Unlike the mul-
tichannel system, which manages inventory independently for
each channel, the omnichannel system operates in an integrated
manner. In other words, each channel’s customer demand, which
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was assumed to be independent, should be regarded as integrated
manner. The retailer should appropriately respond to customers
through new ways of inventory control. Hence, we incorporated
the correlation among uncertain demands by adopting the factor-
based demand model. To handle the factor-based demand model,
which makes the model intractable in a multistage decision
process, we restricted decision variables to a linear function of
the predefined uncertain factors. By utilizing the distributionally
robust bound of the objective function, we derived the affinely
adjustable robust counterpart, which features the deterministic
second-order cone program.

A. Managerial Insights

This research provides managerial insights, which could be
informative to inventory managers of omnichannel retailers.
By conducting the computational experiments, we obtained the
managerial insights as follows.

1) Although the demand model features a nonstationary pro-
cess, it was observed that the gap between EV |PI and LOP
is not large. Similar patterns were observed for simulated
inventory runs. In other words, the approach considered
in this article can be seen to provide a stable solution even
when the variability of demand increases.

2) The inventory manager should be aware that if the sup-
port sets of uncertain factors were widely estimated, the
confidence interval of the data could be increased, but
a conservative inventory policy can also be obtained. In
other words, the inventory manager should consider the
tradeoff between the support set and conservatism.

3) Operating BOPIS and OSHDS complements each other
with respect to the stable inventory policy. Both BOPIS
and OSHDS not only function as promotions that induce
purchases to customers, but operating them simultane-
ously could minimize the worst-case expected inventory
cost.

4) In this omnichannel system, BOPIS plays a more impor-
tant role than OSHDS does from an inventory cost per-
spective because it responds to its own demand directly. In
the case of OSHDS, although it does not directly respond
to customer demand, it plays a key role in maintaining the
company’s customers because it could prevent a demand
loss by responding to stockout situations from uncertain
demands. In other words, it can be said that the importance
of OSHDS changes depending on how retailers estimate
costs for demand loss.

B. Limitation of the Research and Future Study

This research has a limitation in that we only considered the
retailer who operates one B&M store and one online store. Nev-
ertheless, we believe that this research could be the basis of the
omnichannel retailing inventory model, which considers the cor-
related uncertain demand. In other words, this article can serve
as a cornerstone in extending research into the omnichannel
retailing. If the single supplier, single manufacturer, and single
retailer are generalized as the multisupplier, multimanufacturer,
or multiretailer, the problem will be modeled as a more realistic

TABLE IX
PARAMETERS USED FOR THE COMPUTATIONAL EXPERIMENTS

Fig. 5. Framework of BOPIS.

problem. Also, we restricted some assumptions which are in-
corporated in the mathematical model. Although we restricted
the fulfillment priority, as shown in Assumption 1, which stands
for realistic assumptions in practice, some retailers could set
fulfillment priority as a different order. Changing the order of
fulfillment priority will enable the analysis of what each aspect
will show in terms of total inventory cost. Furthermore, the
following other types of omnichannel service can be considered
as an example of future work. Some retailers recently launched a
service called buy online, return in store. Since returns comprise
a large proportion of sales, the ease of handling returns from
customers is of utmost importance [66]–[68]. Returns, in fact,
are much easier to handle within an omnichannel distribution
system. Returns received in a warehouse will be inspected and
quickly placed into inventory, regardless of where the stock
originated. The same is true for returns received in a B&M store.
Some researchers might consider the omnichannel system in
future work that could include order-in-store-delivery-to-home,
which is a more generalized concept of the out-of-stock home-
delivery service. In this system, customer-switching behavior or
customer-switching cost could be incorporated into the math-
ematical model. If these new problems are examined in an
inventory model, we believe that such research would provide
meaningful insights for the relevant retailers.

APPENDIX

We conducted comparative experiments on two types of sys-
tems in Section V-D: 1) a system that considered only BOPIS,
and 2) a system that considered only OSHDS. We illustrated
each framework in Figs. 5 and 6, respectively. For the compara-
tive experiments, we developed a mathematical model for each
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Fig. 6. Framework of OSHDS.

system. Since the development process of each deterministic
formulation to AARC is the same as described in Section IV, we
omitted the process. Each formulation is represented as follows:

min TOC + TDC + THC + TBC

s.t. ut+1 = ut + xt−Lm
− dt t ∈ T

vt+1 = vt + yt−Lm
− ξt t ∈ T

wt+1 = wt + ot−Lm
+mt − φt t ∈ T

mt =

τ∑
k=1

mt,t−1+k t ∈ T

(wt + ot−Lm
− qt − φt)

− ≥ mt t ∈ T

xt + yt + ot +

τ∑
k=1

mt+1−k,t ≤ Ct t ∈ T

ut + vt ≤ Ut t ∈ T+

wt + ot−Lm
− φt ≤ Kt t ∈ T

xt, yt, ot, and mt ≥ 0 t ∈ T (39)

min TOC* + TIC + TDC + THC* + TBC*

s.t. ut+1 = ut + xt−Lm
− dt + qt−Lr

t ∈ T

wt+1 = wt + ot−Lm
+mt − qt − φt t ∈ T

mt =

τ∑
k=1

mt,t−1+k t ∈ T

(ut + xt−Lm
− dt)

− ≥ qt−Lr
t ∈ T

(wt + ot−Lm
− qt − φt)

− ≥ mt t ∈ T

xt + ot +

τ∑
k=1

mt+1−k,t ≤ Ct t ∈ T

ut ≤ Ut t ∈ T+

wt + ot−Lm
− qt − φt ≤ Kt t ∈ T

xt, ot,mt, and qt ≥ 0 t ∈ T (40)

where

TOC* =
∑
t∈T

[ct (xt + ot)]

THC* =
∑
t∈T

[
hu,t(ut+1)

+ + hw,t(wt+1)
+
]

TBC* =
∑
t∈T

[
bu,t(ut+1)

−] .
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[1] B. Adivar, I. Ö. Y. Hüseyinoğlu, and M. Christopher, “A quantitative
performance management framework for assessing omnichannel retail
supply chains,” J. Retailing Consum. Serv., vol. 48, pp. 257–269, 2019.

[2] E. Huré, K. Picot-Coupey, and C.-L. Ackermann, “Understanding omni-
channel shopping value: A mixed-method study,” J. Retailing Consum.
Serv., vol. 39, pp. 314–330, 2017.

[3] R. M. Difrancesco, I. M. van Schilt, and M. Winkenbach, “Optimal
in-store fulfillment policies for online orders in an omni-channel retail
environment,” Eur. J. Oper. Res., vol. 293, no. 3, pp. 1058–1076, 2021.

[4] E. M. Payne, J. W. Peltier, and V. A. Barger, “Omni-channel marketing,
integrated marketing communications and consumer engagement,” J. Res.
Interactive Marketing, vol. 11 no. 2, pp. 185–197, 2017.

[5] X. Xu and J. E. Jackson, “Investigating the influential factors of return
channel loyalty in omni-channel retailing,” Int. J. Prod. Econ., vol. 216,
pp. 118–132, 2019.

[6] F. von Briel, “The future of omnichannel retail: A four-stage delphi study,”
Technological Forecasting Soc. Change, vol. 132, pp. 217–229, 2018.

[7] J. Zhang, P. W. Farris, J. W. Irvin, T. Kushwaha, T. J. Steenburgh, and
B. A. Weitz, “Crafting integrated multichannel retailing strategies,” J.
Interactive Marketing, vol. 24, no. 2, pp. 168–180, 2010.

[8] I. Pentina, L. E. Pelton, and R. W. Hasty, “Performance implications of
online entry timing by store-based retailers: A longitudinal investigation,”
J. Retailing, vol. 85, no. 2, pp. 177–193, 2009.

[9] X.-L. Shen, Y.-J. Li, Y. Sun, and N. Wang, “Channel integration quality,
perceived fluency and omnichannel service usage: The moderating roles
of internal and external usage experience,” Decis. Support Syst., vol. 109,
pp. 61–73, 2018.

[10] K. L. Ailawadi and P. W. Farris, “Managing multi-and omni-channel
distribution: Metrics and research directions,” J. Retailing, vol. 93, no. 1,
pp. 120–135, 2017.

[11] M. Wiener, N. Hoßbach, and C. Saunders, “Omnichannel businesses in
the publishing and retailing industries: Synergies and tensions between
coexisting online and offline business models,” Decis. Support Syst.,
vol. 109, pp. 15–26, 2018.

[12] Z. W. Lee, T. K. Chan, A. Y.-L. Chong, and D. R. Thadani, “Customer
engagement through omnichannel retailing: The effects of channel inte-
gration quality,” Ind. Marketing Manage., vol. 77, pp. 90–101, 2019.

[13] S. Chopra, “The evolution of omni-channel retailing and its impact on
supply chains,” Transp. Res. Procedia, vol. 30, pp. 4–13, 2018.

[14] F. Gao and X. Su, “Online and offline information for omnichannel
retailing,” Manuf. Ser. Operations Manage., vol. 19, no. 1, pp. 84–98, 2017.

[15] M. Yrjölä, M. T. Spence, and H. Saarijärvi, “Omni-channel retailing:
Propositions, examples and solutions,” Int. Rev. Retail, Distrib. Consum.
Res., vol. 28, no. 3, pp. 259–276, 2018.

[16] Q. Xu, Z. Shao, and Y. He, “Effect of the buy-online-and-pickup-in-store
option on pricing and ordering decisions during online shopping carnivals,”
Int. Trans. Oper. Res., vol. 28, no. 5, pp. 2496–2517, 2021.

[17] M. Jin, G. Li, and T. Cheng, “Buy online and pick up in-store: Design of
the service area,” Eur. J. Oper. Res., vol. 268, no. 2, pp. 613–623, 2018.

[18] A. Hübner et al., “Digitalization and omnichannel retailing: Innovative
OR approaches for retail operations,” Eur. J. Oper. Res., vol. 294, no. 3,
pp. 817–819, Nov. 2021.

[19] A. Bayram and B. Cesaret, “Order fulfillment policies for ship-from-store
implementation in omni-channel retailing,” Eur. J. Oper. Res., vol. 294,
no. 3, pp. 987–1002, 2021.

[20] F. Gao and X. Su, “Omnichannel retail operations with buy-online-and-
pick-up-in-store,” Manage. Sci., vol. 63, no. 8, pp. 2478–2492, 2017.

[21] A. Hübner, A. Holzapfel, and H. Kuhn, “Distribution systems in omni-
channel retailing,” Bus. Res., vol. 9, no. 2, pp. 255–296, 2016.

[22] R. Wang, G. Nan, L. Chen, and M. Li, “Channel integration choices and
pricing strategies for competing dual-channel retailers,” IEEE Trans. Eng.
Manag., vol. 69, no. 5, pp. 2260–2274, Oct. 2020.

[23] L. Cao and L. Li, “Determinants of retailers’ cross-channel integration: An
innovation diffusion perspective on omni-channel retailing,” J. Interactive
Marketing, vol. 44, pp. 1–16, 2018.

Authorized licensed use limited to: Seoul National University. Downloaded on January 07,2024 at 23:36:00 UTC from IEEE Xplore.  Restrictions apply. 



SHIN et al.: DISTRIBUTIONALLY ROBUST MULTIPERIOD INVENTORY MODEL 2621

[24] D. Herhausen, J. Binder, M. Schoegel, and A. Herrmann, “Integrating
bricks with clicks: Retailer-level and channel-level outcomes of online-
offline channel integration,” J. Retailing, vol. 91, no. 2, pp. 309–325, 2015.
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