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Consumption-point programs have been commonly implemented in retail industries in efforts to promote
sales and improve customer loyalty. In Korea, many retailers from different industries use a point-sharing
policy to augment the conventional consumption-point program of each retailer. In a multi-retailer coali-
tion under such a cooperative sales promotion policy, by purchasing from one coalition retailer, customers
earn points that they can redeem points at other retailers in the coalition. On one hand, the introduction
of this policy gives customers great flexibility for redeeming earned points, which can increase the de-
mand at all retailers who promote the policy. On the other hand, the additional product costs associated
with the points created by one retailer may spill over and be partly borne by other retailers, possibly
distorting the coalition members’ equilibrium decisions under decentralized control. Under the general
assumptions about the demand functions, we developed a model consisting of two retailers with fixed
retail prices and addressed the retailers’ equilibrium decisions under a pure point-sharing policy. The
findings suggest that the policy resulted in a cost spillover phenomenon. Then, we revealed that a pure
point-sharing policy may fail to maximize the total profit of the coalition. Moreover, we showed that a
pure point-sharing policy does not dominate the individual point scheme, which may explain the reason
that point sharing is useful but not ubiquitously used in the real world. Our numerical examples also
illustrate the way a pure point-sharing policy influences retailers’ profits when retail prices are decision
variables. To improve the overall profit under the point-sharing policy further, we propose a target rebate
contract to coordinate a pair of retailers. This contract can maximize the total profit and arbitrarily split
the profit between retailers.
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1. Introduction tailer by redeeming the required number of points, instead of pay-

ing with money. For example, in China Starbucks encourages cus-

In modern retail industries, a consumption-point mechanism is
commonly used for promoting sales and boosting customer loy-
alty. Under such a mechanism, customers can obtain and accu-
mulate some points when they purchase products from a retailer.
The amount of points generated from one purchase usually de-
pends on a customer’s total payment and the conversion ratio set
by the retailer. Customers can redeem the accumulated points at
the same retailer in a mechanism also recognized as a type of
customer loyalty membership. Consumption-point mechanisms fall
into several customer loyalty membership categories. In one type
of point mechanism, customers receive a product from the re-
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tomers to apply for membership to obtain points whenever they
make a purchase. Customers can accumulate points with a conver-
sion ratio of approximately 10% and redeem the points to receive a
product from Starbucks without incurring any charge. This practice
is similar to the “buy-x-get-one-free” scheme (e.g., Gandomi and
Zolfaghari [15]). In another popular point mechanism, customers
can use the points as money at the same retailer to avoid paying
full price for another product purchased in the future. In the final
type addressed herein, customers can redeem points for gifts that
the retailer purchased from a third-party supplier.

Customer loyalty memberships are used to increase customer
demand and to cultivate customer loyalty in the long run. A trade-
off between the increased demand and the cost of customers’ point
redemption characterize these programs. In the United States,
the number of customer loyalty memberships, which enable cus-
tomers to obtain rewards by redeeming their accumulated points,
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increased by 26.7% since 2010, exceeding the 2.65 billion member-
ships recorded for 2012 [1,11].

In recent years, many Korean retailers from different indus-
tries have been implementing cooperative sales promotions with
a point-sharing (PS) policy that alters their own performances and
those of an entire coalition. Under PS policies upon which two re-
tailers agree, customers can earn and redeem points at either re-
tailer. A Twosome Place (ATP), for example, is a famous dessert
cafe in Korea that sells cake, coffee, and other drinks, and CGV is a
popular cinema brand. These two companies implement a PS pol-
icy to promote their respective sales and performance. Customers
can earn points at ATP or CGV and redeem them at either com-
pany. Because ATP and CGV have common target customers (e.g.,
young people and white-collar professionals), such a policy pro-
vides customers with great flexibility in redeeming their points.
Moreover, these two retailers, which provide different products, do
not compete with each other. Therefore, the demands at these two
retailers are both increased under the PS policy.

When the advantages of PS policies were noticed by practi-
tioners, some networks involving more retailers developed a third-
party membership card company. CJONE, a membership card com-
pany in Korea, covers more than 20 retailers from different in-
dustries, including those in shopping, food, and entertainment,
among others (http://www.cjone.com). Customers can accumulate
consumption points generated from sales at member retailers fea-
tured on the CJONE card and also can redeem the points when
purchasing products from any of the member retailers.

Shin and Cha [25] collected one-year survey data from 1000
people in Korea to analyze the point-card usage frequency and de-
mand under PS programs. The results showed that the program
appealed to many customers and increased the point-card usage
frequency and point accumulation by encouraging cross buying.
Moreover, the researchers estimated that the sales revenue of the
famous cosmetic retailer in Korea, Olive Young, has been significant
since it joined a PS program in 2008 [9].

Retailers that implement PS policies have specific characteris-
tics. First, customers usually return and conduct repeat purchas-
ing at the retailers, and thus, consumption-point programs play an
important role in sales promotion. Second, the accumulated points
can significantly reduce the customers’ purchasing costs when buy-
ing at retail prices. However, a useful PS policy between a ship-
building company and a café, for example, seems unlikely because
customers would experience difficulty in accumulating sufficient
points from the café to purchase a ship at or near retail price.
Third, retailers have common target customers but different target
markets. In this case, customers might be interested in redeem-
ing points earned from one retailer at the other retailer. More-
over, competition between these types of retailers can be avoided.
Hence, in this case, increasing demand at one retailer does not
negatively affect the sales of the other retailer.

Although the advantages of PS policies are straightforward, re-
tailers’ individual decision making and the effect of those decisions
on the total profit remain unexplored. To distinguish among the
different coalition settings, we defined the PS policy without any
coordinating contract as a pure PS policy. Each retailer attempts to
maximize its own profit under the pure PS policy that is a type
of decentralized control. On one hand, the demands at the retail-
ers can be increased because customers enjoy the flexibility of re-
deeming their points at more than one retailer. On the other hand,
customers can redeem their points at all member retailers such
that the product cost associated with the points created at one re-
tailer is passed to the retailer that honors the points, thus making
the decision framework more complex. That is, when retailers pro-
mote their sales by allowing the flexibility of point redemption, the
promotional point costs spill over and switch to coalition partners
at the same time. Because it is difficult for one retailer to influ-

ence a coalition partner’s decision on the point-conversion ratio
and selling price, this cost spillover phenomenon may distort the
equilibrium decisions of both retailers such that the maximum to-
tal profit may not be achieved under the pure PS policy. In some
cases, the distortion even makes the total profit under the pure PS
policy lower than it is under an individual point schemes. In other
words, the pure PS policy puts coalition members in a situation
in which seeking their own maximum profit may result in greater
costs to other members than is optimal for all. In this study, we
address the following three questions:

(i) How do retailers make their decisions under the pure PS
policy?

(ii) Does the pure PS policy always outperform individual point
schemes? If it does not, then what factors influence the per-
formance of the pure PS policy?

(iii) How is a contract able to coordinate two retailers and arbi-
trarily divide the profit under a PS policy?

We examined a PS policy with two retailers from different in-
dustries. This study contributes to the literature in two ways. First,
we analyzed retailers’ equilibrium decisions under the pure PS pol-
icy and showed the bottleneck these decisions create in the path-
way to achieving maximum total profit. We discussed two cases:
One in which the retail prices of retailers are exogenous parame-
ters and another in which retail prices are decision variables. We
also uncovered some unique characteristics of cooperative sales
promotion with a PS policy. The results shed light on the coali-
tion partner performances and customer welfare under the pure
PS policy. In addition, practitioners may obtain managerial insights
into their decision making from this study. Second, we proposed a
flexible contract for the coordination of two retailers under the PS
policy. The idea of a popular target rebate (TR) contract was used
to design our contract, and the optimal setting of the contract pa-
rameters is discussed. In addition, we showed the advantages of TR
contracts in terms of ease of easy implementation.

The PS policy is different from the point-pooling (PP) policy,
which involves multiple retailers and a third-party company. Un-
der the PP policy, retailers purchase the consumption points from a
third-party company and award their customers these points. Cus-
tomers can redeem their points from the third-party company and
obtain rewards from a pre-determined reward chart [5]. One re-
tailer bears all of the cost resulting from consumer redemption of
points generated by it, and its decision on the point-conversion ra-
tio does not affect other retailers. Moreover, customers’ point re-
demption is limited by the third-party company. The core opera-
tional problem is in the vertical channel; that is, the ways retail-
ers and the third-party company make optimal decisions on point
ordering and award purchasing create complexity. The third-party
company plays an important role in the channel by setting prices
for the points and creating the reward chart.

Under the PS policy, however, one retailer’s decision on the
point-conversion ratio affects the profits of other retailers because
of point-switching redemption and cost spillover. Customers have
relatively great flexibility in redeeming any number of their points
from any participating retailer. In this case, the coalition should
pay attention to the way retailers’ decisions influence each other
and coalition performance. Any third-party company under a PS
policy provides only information management and card services.

The remaining parts of this paper are organized as follows.
We summarize the literature in related areas and present it in
Section 2. Section 3 offers a discussion on the decision framework
and the optimal decisions of two retailers under the pure PS policy.
Section 4 offers an explanation of the proposed TR contract under
the PS policy and shows the performance of it in coordinating the
two retailers. We provide managerial insights and concluding re-
marks, and suggest directions for future work in Section 5.
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2. Literature review

To the best of our knowledge, coordination of retailers under
the PS policy has rarely been investigated in previous studies. One
stream of related research involves a coalition loyalty program
(CLP), also known as multi-vendor loyalty program, which is an
integrated customer loyalty program involving multiple companies.
In addition to consumption-point mechanisms, other sales promo-
tion and customer loyalty programs, such as those that include ad-
vertising, finance compensation, gifts, and membership privileges,
are also used in a CLP. In this field, the literature has focused
mostly on customer relationships with retailers from the market-
ing perspective, and only a few researchers have discussed the
problem by considering the operational decisions on reward sup-
ply planning of the third-party company in CLPs. Lemon and Wan-
genheim [20] conducted a longitudinal analysis to show the effects
of partner selection in CLPs and found that a strong fit between
the products in CLPs could be beneficial. Dorotic et al. [10] sum-
marized studies on loyalty programs and showed that the size of
spillover effects in CLPs remained inadequately investigated. Con-
sidering that CLPs feature multiple participating companies and
cross selling, Lee et al. [19] developed a behavior-scoring model to
analyze customers’ preferences in OKCashBag, which is the largest
CLP in Korea. Schumann et al. [23] discussed the spillover effect
of service failures in CLPs and found that one program partner’s
service failure negatively affected customer loyalty toward the CLP.
So et al. [24] revealed one potential weakness of CLPs: Customers’
associations with any program partner can be diluted. Vallacé-
Molinero et al. [28] conducted an empirical analysis to determine
the way a CLP influences customer behavioral loyalty. The results
showed that companies need to select a CLP carefully before join-
ing and should implement differentiated relationship management
of customers. Chang and Wong [6] carried out an empirical anal-
ysis that focuses on the impacts of psychological reactance on the
performance of a CLP.

In recent years, a few studies have investigated operational
issues in sales promotion and CLPs. Cao et al. [3] developed a
stochastic linear programing model for rewards-supply planning in
CLPs, and a sampling-based stochastic optimization heuristic al-
gorithm was proposed to obtain the optimal solution. Cao et al.
[4] studied the rewards-supply planning problem with the cooper-
ative sales effort of the third-party company. Cao et al. [5] designed
option contracts for the rewards-supply planning problem of CLPs
by considering the budget constraint of the third-party company.
In the supply chain models described herein, a third-party com-
pany sells points to participating retailers of CLPs, and retailers re-
ward their customers with these points. Then, customers can re-
deem points to obtain products from other suppliers.

The PS policy is a type of marketing mechanism that promotes
sales at extra effort costs. Many studies in this field have focused
on different types of sales promotions, such as advertising, coupon,
and group buying [7,17,21,33,34]. When considering sales efforts in
supply chains, researchers usually concentrate on the free-riding
phenomenon of sales effort. Promotion cost sharing is a common
approach to achieve coordination. Krishnan et al. [18] incorporated
the promotion cost-sharing policy into a buy-back contract to co-
ordinate supply chains with a single manufacturer and a single
retailer. Tsao and Sheen [27] developed a promotion cost-sharing
policy to coordinate supply chains with a single supplier and mul-
tiple retailers. Their study showed that, under decentralized con-
trol, each retailer is willing to make a smaller promotional effort
than the channel-wide optimal effort required. Under this cost-
sharing policy, the supplier undertakes a fraction of the promotion
cost of each retailer to achieve supply chain coordination. Jin et al.
[16] analyzed contract design for supply chains with a single man-
ufacturer and a capital-constrained retailer. The supply chain per-

formances under four business models, in which either the manu-
facturer or the retailer has the decision rights for sales promotion,
were discussed.

The PS policy differs from the supply-chain stream of studies
in the following two main respects. First, the sales efforts under
multiple channels usually involve companies that offer the same
or substitute products, which is not essential under the PS policy.
Second, one company can enjoy the increased demand resulting
from the sales efforts made by other companies in existing mod-
els. However, one coalition partner must undertake the point cost
switching from the other partner under the PS policy. Moreover,
the point-cost function could also be complex because of the point
redemption. As a consequence, the PS policy has a different impact
on the partners’ profit structures than other types of sales efforts
do.

In another related area, channel coordination with contracts is
considered, and a large body of literature exists in this field. Use of
channel contracts is a popular approach to achieve channel coordi-
nation. Different types of contracts, such as those of revenue shar-
ing, buy back, and quantity flexibility, have been developed and
implemented in the real world. For a more complex supply chain
model, some composite contracts have been developed to achieve
high total profit and great flexibility in profit split [13,29,32].

The TR contract (also known as channel rebate contract) is pop-
ular in several industries. Using it, the supplier pays the retailer a
rebate for each unit sold beyond a certain target value. In partic-
ular, the channel rebate is a linear rebate when the target value
is equal to zero. Taylor [26] studied a channel rebate contract
in a two-stage supply chain by considering sales efforts. The re-
sults showed that a single TR contract could fail to coordinate
the supply chain in a way that can be implemented. Wong et al.
[30] found that TR contracts combined with a vendor-managed in-
ventory policy could perfectly coordinate supply chains with mul-
tiple retailers. Chiu et al. [8] extended the TR contract for supply
chains with risk-sensitive retailers. Xing and Liu [31] discussed the
free-riding phenomenon of sales effort in supply chains with a sin-
gle manufacturer and two retailers. In their study, selective rebate
contracts with price match were developed to coordinate the sup-
ply chain to achieve higher total profit than could be earned under
the traditional TR contract.

Despite the increasing practice of the PS policy in the real
world, modeling and analyses of it, which would provide manage-
rial insights, remain rare. As Table 1 shows, most existing stud-
ies that considered point sharing for CLPs were based on empirical
analysis. Only a few studies have accounted for operational deci-
sions within CLPs; however, these studies concentrated on obtain-
ing the optimal award schedule and did not address the PS policy.
Existing channel models of sales effort were devoted to cases with
the free-riding phenomenon of sales effort, and contracts were de-
veloped to eliminate the negative effect of channel members’ opti-
mal decisions on sales efforts.

3. The pure point-sharing policy

A symmetric model consisting of two independent retailers (Re-
tailers 1 and 2), each of which sells one type of product, respec-
tively, was considered for this study. The product sold by Retailer
1 is not a substitute for the one sold by Retailer 2. The unit produc-
tion cost for retailer i is ¢;, and retailer i sells the product to cus-
tomers at a retail price, p;. We defined A; as the point-conversion
ratio of retailer i, and customers can obtain A;p; points when they
purchase one unit of product from retailer i. The model was devel-
oped based on three main assumptions.

Assumption 1. The demand at either retailer does not negatively
affect demand at the other one.
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Table 1
Comparison of some relevant studies and this study.

Relevant study CLP mode  Methodology  Optimal operation decision  Coordinating mechanism
Lemon and Wangenheim [20] G E / /
Dorotic et al. [10] G Q / /
Lee et al. [19] G M / /
Schumann et al. [23] G E / /
Villacé-Molinero et al. [28] G E / /
Chang and Wong [6] G E / /
Cao et al. [3] PP M N /
Cao et al. [4] PP M N /
Cao et al. [5] PP M J /
This study PS M Vi v

Note: “G” represents general CLP; “E”, “Q”, and “M” represent empirical analysis, qualitative analysis, and mathematical model,
respectively. “/” represents “covered” and “/” represents “not covered”.

Assumption 2. When they have accumulated sufficient points,
customers can redeem their points at one retailer by obtaining the
corresponding number of products without paying any fee (this
practice is common among many retailers in the real world) and
there is no stockout.

Assumption 3. Each customer who redeems any positive X units of
points at retailer i can purchase X/p; units of products from that re-
tailer. This assumption implies that the total accumulated points of
one customer are not of lower magnitude than the retailer prices.
This assumption also enables us to focus on the analysis of retail-
ers’ operational decisions.

Assumption 4. Customers are willing to redeem all of their points.
This assumption does not influence the discussion or main conclu-
sions.

In many real cases, prior to implementing the PS policy, many
retailers had run their own consumption-point program for a time
and have stable retail prices. In the real world, they may prefer
adjusting the point-conversion ratio with implementation of the PS
policy than changing the price. In the CJONE program, for example,
ATP faced fierce competition in the café industry because each café
fixed a retail price for a relatively long time. In some industries,
suppliers, such as Coca Cola and film distributors, have the power
to decide or influence the retail price. One real example is Olive
Young, which did not change the retail prices of products after it
joined the PS program. Hence, herein, we first present the case in
which retail prices are exogenous parameters.

Let D;(A;) be the quantity of products sold by retailer i in
one selling season. We defined D;(A;) = Aj(X;)+AD;(%;), where
in A;(%;) is the demand under the individual point scheme and
ADj(A;) is the extra demand attracted by the PS policy. We as-
sumed that dA,()»l)/d)», >0, dAD,()\.,)/d)», >0, dzA,()\.l)/d()\.l)zfo
and d2AD;(A;)[d(A;)?<0, i = 1, 2. Let §; be the percentage of
points of retailer i that is redeemed at retailer i and 6; be lim-
ited within the range of [0, 1]. Then, 1-6; of the points of Re-
tailer 1 is redeemed at Retailer 2. In this case, the total quan-
tity of products of Retailer 1 given through point redemption is
01A1D1(A1)+p222(1-602)D5(A3)[p1. The latter part tells the quan-
tity of products related to the points generated by Retailer 2 but
redeemed at Retailer 1. According to the practices described in this
paper, we assumed that a redemption policy does not bring new
points from retailers. Hence, we considered 6; as an exogenous pa-
rameter independent of A; and A;. Different values of 6; may be
found for customers engaged with an individual point scheme than
for new customers attracted by the PS policy. However, we used
a uniform 6; for all demands of retailer i for two reasons. First,
individual point schemes are offered for customers who repeat-
edly conduct transactions at the same retailer, which means that a
part of AD;(X;) has the same customer source as A;(%;) does, such

that managers would struggle to find the exact values for point-
switching ratios of A;(};) and AD;(};). Second, a uniform 6; did not
significantly affect the main conclusions of this study.

3.1. Comparison between the pure PS policy and the conventional
individual point scheme

In this subsection, we discussed the fundamental profit source
of the pure PS policy and illustrated its advantage/disadvantages
compared with the individual point scheme. Retailer i can satisfy
the demand by selling products to customers and awarding the
customers with products through point redemption.

Denote IT;(A;) as the profit of retailer i, i = 1, 2. Under the pure
PS policy, the retailers’ objective functions are as follows.

11 (A1) = (p1 — c1)D1 (A1) — 16141 D1 (A1)

— P29 4 _0,)0,D,(02) (1)
D1

I3 (A2) = (P2 — ©2)D2(A2) — C202A2D2(X3)

—wﬂ —01)A1D1 (A1) (2)
D2
In Eq. (1), the first term is the gross profit without considering
costumer redemption, and the second term is the cost resulting
from costumers’ local redemption. The third term represents the
cost of customers’ switching redemption from Retailer 2. TI,(A;)
shares the same profit structure with I1y(A;).!
Under the individual point scheme, the retailers’ objective func-
tions are as follows:

I (A1) = (p1 — €1 — 1A DA (Aq). (3)
I (A2) = (p2 — €2 — ©2A2)A2(A2). (4)

Let A;° the equilibrium A; that maximize IT;(};) under the pure
PS policy and A;! be the A; that maximize II;(;) under the individ-
ual point scheme, respectively, i = 1, 2.

Proposition 1. Under the pure PS policy, (i) if there exists a {A;, Ay}
that satisfies

drly (Aq)/dAq = dIT(Az)/dA; =0, (5)

then retailers’ equilibrium point-conversion ratios, {A{° A°} under
the pure PS policy, can be obtained from Eq. (5),

(ii) if the condition in (i) holds, then A;° is decreasing with 6;, i =
1, 2,

T When 6; = 1, there is no point-switching redemption. If we let p;/ = p;—ciAi,
then we can transform the profit functions into new profit functions where in p;’
can be considered as retail price of retailer i and as a decision variable, i = 1,2.
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Table 2

Functions of the marginal gross profit and point cost of retailers under three demand scenarios.

Marginal gross profit (MGP)

Marginal point cost (MPC)

ADi(2i) =0 (pi—cidbi

AD;i(Ai) = eih (pi—ci)(bi+ei)
ADi(Ai) = eIn(Ai+1) (pi—ci)lbi+ei/(Ai+1)]
ADi(Ai) = e(—(M)* X)) (pi—ci)(bi+e;—2e;A;)

a;c;i+2biciA;

a;ci0;+2(bi+e;)ciOih;
a;c;0;+2b;ci0;\i+eic;0;In(A;j+1)+e;c;0;A;i[(Xi+1)
;0 +2(bi+e;)ci0iA;—3eicifi(1;)?

(iii) under linear demand functions of Ai(A;) = a;+b;r; and
ADj(A;) = ejA;, retailer i is incentivized to select a higher A; un-
der the pure PS policy than under the individual point scheme, i.e.,
)\.io >}\.j, with ai, bi' e; > Oandi = 1, 2,1.

All proofs are shown in the appendix. The PS policy provides a
new approach of improving the overall performance of the two re-
tailers by allowing flexible point redemption. We defined the pro-
duction cost for the products obtained from point redemption as
point cost. A larger A; implies a greater flexibility of point redemp-
tion that can bring a larger demand, but it also leads to a higher
point cost. The increased demand brought by a larger A; is totally
enjoyed by retailer i. However, the point cost is partly undertaken
by the other retailer, and the cost spillover effect is determined by
0;. For retailer i, a larger 6; means that more customers want to
redeem the points from retailer i at retailer i. In this case, the to-
tal point cost determined by A; will be mainly undertaken by itself
and retailer i may not have a high incentive to select a higher A;.
In particular, 1;° will decrease to the value under the individual
point program when 6; = 1.

Motivated by the flexibility the PS policy offers, customers may
be willing to purchase more products than they would under a re-
tailer’s individual point scheme. For this case, AD;(2;) is described
under the PS policy as extra demand for Retailer i. By fixing A;(};)
= a;+b;A;, we investigated three cases to compare the pure PS
policy and the individual point scheme for which AD;(A;) = e;A;,
ADI()\.,) = eiln(ki+l), and ADI()\.,) = ej(—()\.i)z-i-)\.i), 0<)\.i<1. We set
(pi—ci)Di(X;) to be the gross profit of retailer i. The point cost of
retailer i is ¢;0/;A;D;(A;)+p;(1-0;)c;Dj(A;)/p;. Then we obtained the
marginal gross profit and the marginal point cost of retailer i for
each of the three cases, as summarized in Table 2.

Under the three demand scenarios, the MGP values of retailer
i were non increasing with A;. Moreover, the MGP and MPC val-

ues for retailer i under the pure PS policy were always higher than
those from the individual point scheme because of the extra de-
mand resulting from the flexibility of the pure PS policy. The fol-
lowing figures showed the equilibrium A; under the pure PS policy
when p; = $10, ¢c; = $6, by = 300, a; = 10, and e; = 200. A
small #; means that a large portion of the customers redeem their
points earned from retailer i at retailer j. As shown in Fig. 1, the
value of (A;°—A47) is higher when 6 is decreased from 95% to 85%.
This finding means that when more customers who purchase prod-
ucts at Retailer 1 want to redeem the points at Retailer 2, the MGP
of Retailer 1 decreased and it is incentivized to set a relatively high
A1 through a pure PS policy. In addition, Proposition 1 explains
that when AD;(A;) = ejA;, A;® is always greater than A;! regardless
of the value of ;. If A;° > A;!, then each existing or new customer
can enjoy a higher point-conversion ratio at retailer i. However, not
every customer under the policy benefits from the pure PS policy.
As Fig. 1(f) shows, if the customers of retailer i are sensitive to A;,
then we can find cases wherein A;° < A;. In this case, existing cus-
tomers who are not interested in redeeming the points from the
other retailer may lose some utility under the pure PS policy.

Remark 1. Customers might benefit from a PS policy with a
greater flexibility of point redemption and higher point-conversion
ratios. However, in some cases, equilibrium conversion ratios under
the PS policy are lower than under the individual point scheme.

3.2. Comparison between the pure PS policy and the centralized
control

In this subsection, we analyzed overall optimal {X{, A,} of the
two retailers and uncover the potential improvement under the
pure PS policy.

3500 - 3500 > 3500
- ”
3000 L P 3000 s .7 3000 -
7 rd rd -
2500 - 2500 PR 2500 -
< s ’ o - -
2000 PR 2000 > 2000 -
= - Sk s il
o 0fe O . 6,-85%
0o -, 505 — e o0 =22 \
s0 27| s00 2 s0 2
af A ] 5 Al e ; Ml ae ;
01 02 03 04 05 06 07 08 09" 01 02 03 04 05 06 07 08 0977 01 02 03 04 05 06 07 08 09
(@) (®) (©
3500 7 3500 - 3500
”
3000 4 - 3000 - 3000 P
rd ” 7 - -~
2500 ’ - 2500 = - 2500 PR
7/ s 7 =z~
y
2000 —~ 2000 . 2000 - e
1500 s - 1500 P 1500 \{;/\ 6,=95%
Z z 5 P
1000 7 - 1000 7’ - 1000 s \
s0 27| s0 £7 | s0 27 i
lei A° 2 M iiA° " 0 4° i"ll .
01 02 03 04 05 06 07 08 09 ' 01 02 03 04 05 06 07 08 057 01 02 03 04 05 06 07 0§ 09}
@ (@

AD,(/,)=200/,
——— MGP of Retailer 1 under the pure PS policy

- MPC of Retailer 1 under the pure PS policy ---

AD,(4,)=200In(/,+1)

0]
AD;(74)=200(=(21)*+4y)
MGP of Retailer 1 under the individual point scheme
MPC of Retailer 1 under the individual point scheme

Fig. 1. A;° and A’ under three demand scenarios and two values of 0.
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Table 3

Influence of Retailer 1’s point-switching redemption when 6, = 85%.

04 (%)  Pure PS policy Overall optimal
A A2° M(21°)  Ta(A2°)  Hp(Ais A2°)  Ag* Aot Mi(A*)  Ma(A2)  Ha(Ar*, A2%)
55 0.396 0.138 303.04 218.44 521.48 0.101 0.081 325.17 268.19 593.36
65 0.297 0.138 316.83 241.49 558.32 0.102 0.081 320.51 272.99 593.50
75 0.224 0.138 319.87 256.19 576.06 0.103 0.081 315.80 277.85 593.65
85 0.169 0.138 318.10 265.97 584.07 0.104 0.081 310.96 282.83 593.79
95 0.124 0.138 314.00 273.12 587.12 0.105 0.081 306.02 287.92 593.94

Denote I (A1, Ay) as the total profit of the two retailers and let
{A1*, A*} be the overall optimal {Aq, A,} that maximizes IT(Aq,
A2). We can obtain the following objective function.

[ep (A1, A2) = (p1 = ¢1)D1 (A1) + (P2—C2)D2(A2)—€1601A1D1 (A1)
- %(1 —62)A2D2(X2) — €26222D;(A2)
- P2 (1 0,)24D1 ) (6)
D2
Proposition 2. Under the pure PS policy,
(i) If there exists a {,1, Ao} that satisfies

0l (A, A2) 0T (Ag, A2)
I - dA; -
then retailers’ overall optimal decision, {A1*, A,*} can be ob-
tained from Eq. (7).
(ii) If the conditions in (i) holds, then A,° > A;* i = 1,2.

0, (7)

Under the pure PS policy, both retailers have increased de-
mands because customers have high flexibility in terms of point
redemption. However, the cost resulting from the point redemp-
tion spills over to the other member and each retailer’s profit func-
tion contains part of the cost that is determined by its decision.
Then, the marginal cost of A; at retailer i is decreased, thus dis-
torting the retailer’s decision and the overall optimal solution fails
to be the Nash equilibrium under the pure PS policy. In particular,
the two retailers can be too radical in setting point-conversion ra-
tio. As Proposition 2 shows, retailer i is incentivized to select a A;°
greater than A;*. Therefore, the pure PS policy may not maximize
the total profit. Although such a phenomenon can be beneficial to
customers, it may have a negative effect on the incentive of retail-
ers to implement the PS policy (Example 1 shows that cases exist
in which the total profit under the pure PS policy can be smaller
than the one under the individual point schemes). In addition, if
one member of a large-scale generates many points through sales,
then, a small partner faces the risk of undertaking a high point cost
when the customer seeks to redeem the points from the smaller
retailer. This is consistent with the real observation that a typical
PS policy consists of members with similar transaction scales.

Proposition 3. If the conditions in Proposition 2 hold, then (i) A;* is
decreasing with 0; when p;/c; <pj[c;, i, j = 12, and i#j. (ii) A* is
increasing with 0; when p;/c; > pjlcj, i, j = 1, 2, and i#j.

When we aim to maximize the total profit of the two retailers,
the relationship between A;* and 6; can be complicated because
the two retailers usually have different cost performances. Retailer
i has a higher cost performance than retailer j if p;/c; > pj/c;. Then,
enabling customers to redeem their points from the retailer with
a high value of p;/c; can be beneficial for the coalition of the two
retailers. In this case, A;* increases with 6; when p;/c; > p;/c;, i, j =
1,2, and i#j. Let I1;* be the maximum overall profit under the PS
policy.

Proposition 4. /1;,* decreases with 0; and increases with 6; when
pilci<pjlcj, i, j = 1.2, and i,

In addition to increasing demand, the PS policy im-
plies a new source of overall performance improvement. As
Proposition 4 shows, the percentage of customer points switch-
ing between the two retailers affects the total profit. Therefore,
point-switching ratio and cost performance should be considered
in partner selection to maximize the total profit. Moreover, by
encouraging customers to redeem more points from the retailer
with a higher cost performance, the policy can reduce the total
cost of point redemption of the two retailers.

Example 1. To obtain further managerial insights, we con-
ducted three experiments to analyze retailers’ equilibrium deci-
sions and corresponding profits under the pure PS policy. Let
Di(A1) = 100+150A;+40In(A1+1) and D,(A;) = 80+120i,+
30In(A,+1), where in AD{(A{) = 40In(A;+1) and AD,(A,) = 30In
(A+1). Let the demands at Retailers 1 and 2 under the individual
point scheme be 100+1504; and 80+120X,, respectively. Let ¢; =
$4 and c; = $5. In this experiment, we set the values of p; and p,
to $7 and $8.5, respectively.

Table 3 shows the profit comparison of the pure PS policy and
the overall optimal solution under different values of 6. Accord-
ing to Table 2, we can obtain that the retailer's optimal point-
conversion ratios under the individual point scheme, {A{!, 15!}, is
{0.042, 0.017}. Then the profits are II;(A;!) = $301.04, II,(A,]) =
$280.17, and T (Aq), Ay!) = $581.21. Table 3 shows that the to-
tal profit cannot be maximized under a pure PS policy. Both Re-
tailers 1 and 2 obtained higher profits under the pure PS policy
than under an individual point scheme when 6; = 95%. Compared
with the individual point scheme, the pure PS policy may fail to
bring higher profits to the retailers if the cost spillover effect is
significant. Moreover, {A{*, A,*}, which cannot guarantee a win-
win profit split for both retailers, may fail to reach equilibrium.
We can conjecture that the pure PS policy has difficulty in reach-
ing {A1*, Ap*} if the contract determined by bargaining requires
the retailers to set only {1, A,}. Therefore, the pure PS policy may
not be ubiquitous in the real world because of the limited total
profit and profit split. When the pure PS policy is not acceptable
to both retailers, customers cannot enjoy any flexibility of point
redemption. What is worse, customers lose more benefits because
the two retailers implement the individual point schemes under
which A; is smaller than the one under the PS policies. Moreover,
as pq/ci > pa/cy, the maximum total profit increases with 6; when
customers redeem more points for products with a higher cost per-
formance. Due to the symmetry of Retailers 1 and 2, we omit the
experiments on 6.

Table 4 shows the decisions and the corresponding profits un-
der different values of a;, respectively. From Eq. (2), we found that
a; did not have an impact on A,. Because the value of a; indi-
cates the scale of demand which is not influenced by the PS pol-
icy, a higher a; could only increase the MPC without affecting the
marginal revenue (see Table 2). Therefore, the A;!, A1°, and A;* are
decreased under the three scenarios when a; is increased. More-
over, the pure PS policy could not always guarantee a higher total
profit than the individual point scheme. A small a; implies that
the extra revenue (partly depending on e;) generated from the PS
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Table 4

Comparisons of {11, A,} and profits under different values of a;.

a; Individual point scheme Pure PS policy Overall optimal
Al Aot (M, 22")  Aq° Ao (A% 22°) A o (A%, A2*)
60 0175 0.017 47854 0342 0.145 48535 0214 0.085 500.56
80 0108 0.017 52721 0289 0.145 530.20 0.162  0.085  545.40
100 0.042 0017 581.21 0237 0145 579.29 0.109 0.085 594.49
120 0000 0017  640.17 0.184 0.145 632,61 0.056 0.085 647.77
140 0000 0017  700.17 0132  0.145 690.18 0.004 0.085 705.34
profit Remark 3. In some cases, the performances of both retailers are
500 poorer when switching from the individual point scheme to the
450 pure PS policy.
400 -y
350 L0 40 3.3. Model when retail prices are decision variables
300 B I1,(24% 45°)
= s w7 4 i
250 &/Z % é\\g Y I,(4, ", 7Y To make our model more general, we discussed the cases
200 QZ jjgg &2 N/ B L1 A0 wherein retailers can decide their own retail prices. We extended
" B B Bl Di(A;) as Dy(p;, A;) with dDy(p;, A;)/dp; <0. In thi der th
150 w\g . 3?6%2 7 S TLOC, A7) i(A;) as Di(p;, A;) wit i(pi, Ai)/0p; <O0. In this case, under the
%ﬁ ' Y §‘§§ TV 5 pure PS policy, the retailers’ objective functions are as follows:
wo N - 2 Th(A", 4")
a2 A Al 1 (p1, A1) = (p1 — €1)Di (P, A1) — €161 A1D1 (p1, A
50 - ,\; N 1(P1, A1) = (P1 = €1)D1(p1, A1) — €161A1D1(p1, A1)
0 . 7 .\ 7 _\7 a P2Cy
60 80 100 120 T (1 = 62)A2D2(p2, A2) (8)
Fig. 2. Profits of Retailers 1 and 2 under different values of a;.
IT5(p2. A2) = (P2 — €2)D2(p2. A2) — C202A2D2 (P2, A2)
D1C2
- ?(1 —01)A1D1(p1, A1) 9)
policy may play a more important part in the total demand than The total profit function satisfies Ti(p1, A1y Pa» A2) = Ty(p1,

other parameters. In this case, the point cost due to a high A; value
is not as significant as the extra revenue. When qa; is increased, the
demand under the individual point scheme is higher and it is dom-
inant in the total demand under a pure PS policy. As a result, the
higher point cost under the PS policy makes the total profit lower
than the individual point scheme.

Based on Eq. (1) and {A{° XA;°}, shown in Table 4, the number
of points generated by Retailer 1 is 294.6 and 270.1 when a4
60 and a; 80, respectively. This finding means that the total
points generated by Retailer 1 are decreased because of a low Aq,
even when g, is increased. In this case, fewer points from Retailer
1 are redeemed at Retailer 2 and, Retailers 1 and 2 both benefit
from a high a; under the pure PS policy because of the low point
cost. Therefore, one retailer may be more likely to select a partner
to join in a pure PS policy who has a relatively large number of
customers not attracted by the PS policy.

Fig. 2 illustrates the profits of Retailers 1 and 2 under the
three scenarios of point management. When a; is no greater than
120, only Retailer 1 can obtain a higher profit under the pure PS
policy than under the individual point scheme. Hence, Retailer 1
may encourage Retailer 2 to join the pure PS policy by transfer-
ring compensation money if the overall profit of the coalition un-
der the pure PS policy is higher than it is under the individual
point scheme (see a; = 60 and a; = 80 in Table 4). When a,
100 and a; = 120, Retailer 1 cannot offer compensation money
to make both retailers benefit from joining the policy because
Oep (A8 A2°) <Hg(Aq1!, A1), When a; 140, neither retailer can
improve the profit by switching from the individual point scheme
to the pure PS policy. In these cases, no retailer is willing to imple-
ment the pure PS policy, and customers cannot enjoy the flexibility
of point redemption and higher point-conversion ratios.

Remark 2. The amount of inherent demand that is not influenced
by the point-conversion ratio and PS policy has an impact on the
performance of the pure PS policy. This demand should also be
considered by managers during coalition partner selection.

AT (P2, A2)
We can obtain

oIl LA oD LA
% =(P1—¢c - Cﬂﬁw)% —€160:D1(p1, A1)
(10)
a1 (p1, M) dD1(p1, M)
———2 =D L A1) + —C — O ) ———~
3p; 1(P1, A1) + (P1 — €1 — ¢10121) ap:
+ %clxz(l — 02)D;(p2. 32) (11)
1
With the same approach, we can obtain JI(p,,
A2)[0py and OTh(pa, A2)[0Ap. If {p1*, p2*, A%, A"} sat-
isfies Moy (PP A7.45) _ My (pY.p3. A7 A5) 0T (P p5.A7.25)
s D) = Ty = 7 =
MenPP2222) _ 0, then we have (p; — ¢ — 16145 — A2 (1 - y)
P2 )
9 EAE *
1) P = (@ + B2 (1 - 6))D1 (py. 1.

Suppose that p; = p1*, p» = p2*, and A, = A,*. In this case, we

have
ATy (py, M) D1 (py, A1)

=(pj —a —abir) —161D1(pj, A1)

Iy I
with
02I14 (p*, A 92D, (p*, A
](712]) — (p’; —C1 —5191)\1)](7121)
(A1) a(x1)

D1 (P}, M)
I '

It is easy to show that there exist A; that satisfies oIl{(p1*,
A1)/0A; = 0 and 92M;(p1* Aq)/0(A1)? <0. Then, the optimal A,
satisfies dI1(p1*, Aq1)/0A; = 0 and it is different from A*. It means
that, when Retailer 2 selects {p,*, A,*}, Retailer 1 can obtain a
higher profit by selecting {p;, A1} different from {p;*, A{*}. There-
fore, if there exists a {p;1° p2° A1° A°} that is a pure-strategy Nash

— 261 01
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Table 5

Influence of Retailer 1’s point-switching redemption under the decentralized control when 6, = 90%.

01 (%) m° p2° A° A2° M(p1% M%) Ma(p2® A2°)  Tw(pr® p2° A1 A2°)
0.71 994 101.69 1.02 0.32 10,125.69 21,233.04 31,358.73
0.72 104.05 106.08 1.15 0.42 9977.13 21,308.28 31,285.41
0.73 109.05 110.82 1.30 0.53 9775.02 21,405.05 31,180.06
0.74 114.51 115.94 1.45 0.65 9516.67 21,514.62 31,031.29
0.75 120.37 121.55 1.62 0.79 9185.45 21,669.58 30,855.03
Table 6

Influence of Retailer 1’s point-switching redemption under the centralized control when 6, = 90%.

01 (%) pr* p2* Ar* Ag* Mi(p1*, M%) Ma(p2*, A2*)  Ta(pr*, p2* A1, A2*)
0.71 8549 12959 041 0.81 7554.45 26,503.18 34,057.63
0.72 84.92 12897 040 0.80 7511.74 26,529.85 34,041.59
0.73 8435 12835 038 0.78 747213 26,554.09 34,026.22
0.74 83.77 127.75 036 0.77 7435.60 26,575.90 34,011.49
0.75 83.19 127.16 034 0.76  7402.15 26,595.28 33,997.43
Table 7
Demands and transformed prices under the pure PS policy and decentralized control when 6, = 90%.
01 (%)  Di(p1% A1°)  Di(pr*, M%) Da(p2® A2°)  Da(p2*, A2*)  pi° P p2"° P2
0.71 353.72 290.19 503.66 454.01 56.18  57.51 68.33  72.79
0.72 351.24 289.83 504.91 454.09 55.02 5757 6643 7313
0.73 348.32 289.50 506.35 454.16 53.86 57.64 64.67 73.47
0.74 344.93 289.20 508.00 454.21 52.70  57.71 63.02 73.80
0.75 340.98 288.92 509.87 454.26 51.53 57.80 61.50 74.13

equilibrium under the pure PS policy, then it differs from {p;*, po*,
A1*, Ay*}. This situation implies that when retail prices are deci-
sion variables, the maximum total profit cannot be achieved under
the pure PS policy.

Example 2: We conducted the following experiments to an-
alyze the cases wherein retail prices are decision variables. Let
D1(p1, A1) = 1000+300A;—10p;+60In(A1+1) and Dy(py, Ay) =
1200+300A,—8p;+80In(A,+1). We obtained the equilibrium deci-
sions under the pure PS policy and the optimal decisions under the
centralized control with PS policy from the mathematic software,
Matlab. Hessian Matrices have been checked to guarantee that the
solutions are optimal to the decision frameworks. Table 5 summa-
rizes retailers’ equilibrium decisions under the pure PS policy and
different values of 6#; when 6, = 90%. When 6, is increased, less
customers who obtain points from Retailer 1 redeem the points at
Retailer 2. Therefore, for a {p;, ps, A1, A2}, the point cost of Re-
tailer 1 is increased while the one of Retailer 2 is decreased. As
Table 5 shows, TI;(p;1° A1°) is decreased and TIy(p,° A°) is in-
creased with 6.

The equilibrium decisions also change when 6, varies. Ac-
cording to Eq. (8), we can see that Retailer 1’s gross profit is
(p1—¢1)D1(p1, A1), and the point cost consists of two parts, i.e.,
€10141D1(p1, A1) and py(1-0;)c1D2(p2, A2)[p1- Given a {py, pa, A1,
Ay}, a higher 6; means that a smaller percentage of points gen-
erated by Retailer 1 is redeemed at Retailer 2, which can increase
the point cost of Retailer 1 while can decrease the point cost of
Retailer 2 (see Egs. (8) and 9). In this case, we can conjecture that
Retailers 1 and 2 would be incentivized to decrease and increase
the demands, respectively, to meet the new situation of point cost.
Then, Retailer 1 would prefer a higher p;° and higher A;° under
a higher 64, considering that it can bring higher gross profit and
decrease a part of the point cost, as Table 5 shows. Note that A;°
in Table 5 are higher than 1 which can bring more free products to
customers than the “buy-one-get-one-free” scheme. The symmetry
of T(py, A1) and TI(p, Ap) implies that Retailer 2 also prefers
increasing p, and A, simultaneously when aiming to increase the
demand.

Table 6 illustrates the optimal decision and corresponding prof-
its under the centralized control. According to Tables 5 and 6,
we can obtain D(p1° A1°), Da(p2° %2°), D1(p1*, A1*), and Dy(p¢*,
A1*) under the pure PS policy and the centralized control which
are summarized in Table 7. We can see that D(p;°, A1°)>D1(p1%,
A1*) and Dy(p2° A°)>Di(p1* A1*) under different values of 0.
Moreover, D(p1° A1°) is decreasing while D,(p,°, A,°) is increas-
ing with 6. Because of the point-switching redemption under the
pure PS policy, Retailer 2 undertakes a part of point cost of the
points generated by Retailer 1. However, Retailers 1 and 2 need
to consider that part of point cost, i.e., %(1 —601)A1D1(p1, A1)
when they achieve an agreement of a coordinating contract and
are motivated to maximize the overall profit. The demands shown
in Table 7 imply that the consideration of this cost may make the
coalition of Retailers 1 and 2 select a lower demand at Retailer 1
than under the pure PS policy.

Considering the point redemption, customers may get some
free products that makes the average price of the received prod-
ucts at each retailer complicated. On the other hand, retailers can
influence the prices by adjusting retail prices and point-conversion
ratios so that the customers’ welfare is not straightforward. We de-
fined p; and p;** as the average prices of products at retailer i
under the pure PS policy and the centralized control with the fol-
lowing equations.

= pD(pr: ) i j=1,2,i# ]
" 0, A0 ony. (o 30\ Pi(1=6:)25D;(p5.29) =LAt
Di(p9, 29) + 0Dy (pg, 49)+ LR
(12)
pi'= i L j=1,2.i % ]
b kLK * )k p}f(1’0j))t}ij(p}f.)ﬁ]f) ST e
Di(p;. 37) + 0Dy (pi. A7)+ LT
(13)

In Eq. (12), the numerator is the customers’ monetary pay-
ment to retailer i, and the denominator contains three part, (i) the
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number of products sold to customers by retailer i, (ii) the number
of products related to local redemption at retailer i, and (iii) the
number of products related to point-switching redemption from
retailer j to retailer i. Hence, p;®° represents the average price of
the products that customers obtained from retailer i by purchas-
ing or point redemption under the pure PS policy. With the simi-
lar discussion, p;* represents the average price under the central-
ized control. As Table 7 shows, customers can enjoy lower average
prices at Retailers 1 and 2 under the pure PS policy than under
the centralized control. Because of the point-switching redemption,
each retailer’s point cost is partially undertaken by the coalition
partner. In this case, retailers would achieve equilibrium decisions
which lead to lower average prices than those under the central-
ized control, respectively.

Remark 4. Customers would prefer incompact coalitions of retail-
ers without a coordinating contract. On the other hand, the retail-
ers may achieve higher profits with such a contract that may neg-
atively influence the customers’ welfare.

4. The target rebate contract

In this section we proposed a TR contract to coordinate the two
retailers under which the total profit can be arbitrarily split. The
TR contract achieves coordination by making retailers’ profits be
linear functions of the total profit, which is a common approach
of contract design [12,22]. Our TR contract is developed based on
the idea of the channel rebate contract which has been used to
coordinate many supply chains in the world [26]. Under the chan-
nel rebate contract, the supplier sets a target level, and the rebate
is paid from the supplier to the retailer for each unit sold beyond
that specified target level. By using this idea, we developed the
TR contract to coordinate the point setting of the retailers. Be-
cause different channels or retailers may have different ranges of
absolute value of points, we used the percentage of the amount of
points switching from Retailer 1 to Retailer 2 in the total amount
of points switching between the two retailers. A high percentage
implies that many points generated by Retailer 1 are redeemed at
Retailer 2, when Retailer 2 may undertake a high point cost.

Let S;(p1, A1) be the amount of points switching from Retailer
1 to Retailer 2 in one selling season. Let Sy(p,, A;) be the amount
of points switching from Retailer 2 to Retailer 1. Then, we have

S1(p1. A1) = p1Aar (1 = B)D1(p1, Av). (14)

S2(p2. A2) = P2Aa (1 — 92) Dz (P2, A2). (15)

Under the TR contract, retailers decide on a target percentage
of S1(p1, A1) or Sy(pa, Ay) in S1(p1, Aq)+S2(p2, Ay). Without loss
of generality, the target value of Retailer 1 is denoted as a and
0<a<1. Then, the target value of Retailer 2 is 1-a. Retailer 1 pays
y to Retailer 2 for each percent unit that exceeds the target a, and
Retailer 2 pays y, as rebates, to Retailer 1 for each percent unit
that exceeds 1-a. S1(p1, A1)/[S1(p1, A1)+S2(p2, A2)l-a and Sy(ps,
ADNS1(p1, A1)+S2(p2, Az)]-(1-a) cannot be greater (or smaller)
than zero simultaneously. Therefore, only one retailer needs to pay
this type of rebate to the other one, and the retailers need to de-
cide only the value of a. If Si(p1, A1)/[S1(P1, A1)+S2(p2, A2)] is
greater than a, then Retailer 1 pays Retailer 2 [S{(p1, A1)/[S1(P1,
A1)+S2(p2, Ap)]-aly; otherwise, Retailer 2 pays Retailer 1 [a—S;(pq,
A/S1(p1, A1)+S2(p2, A2)]]ly. Mathematically speaking, this state-
ment is equivalent to “Retailer 1 pays Retailer 2 [S;(p1, 1)/[S1(P1,
A1)+S2(p2, A2)]-a]y and a negative payment means a fund flow from
Retailer 2 to Retailer 1”.

The TR contract has two contract parameters: a and y. The for-
mer determines the target percentage and the latter is the pay-
ment from Retailer 1 to Retailer 2 for a percent unit that exceeds

a, and the payment from Retailer 2 to Retailer 1 is for a percent
unit that exceeds 1-a. We set @ as the split scenario of the total
profit, which is limited to the range of [0, 1]. The timing of events
under a TR contract is as follows:

Before a selling season, two retailers negotiate and decide the
value of @ to fix the profit allocation.

The retailers calculate a and y using Eqgs. (16) and (17) based
on @.

Retailer i decides p; and A;, i = 1, 2.

At the end of the selling season, Retailer 1 pays Retailer
2 [S1(p1, A/[S1(p1, A)+Sa(p2, A2)l-aly if Si(p1, A1)/[S1(p1,
A1 )+S2(pa, Ay)]>a; otherwise, Retailer 2 pays Retailer 1 [S,(p;,
ADMS1(p1y 21)+S2(p2, A2)]-(1-a)]y.

Theorem 1 shows that for any &, there exist contract param-
eters under which coordination between both retailers can be
achieved.

Theorem 1. For any ®<[0, 1], consider the TS contract with

t
4= t1+106 (16)
_ (1 +6)Si1(p1, A1) +52(P2, 12)) (17)

p1(1 -0 Aip2(1-02)A

where in
_ D2C1h2
t1 = p1A1(1-61) | @(p2—c2a—C2A26,) + (I—CD)T(I—QZ)

and

D2

Retailer 1 pays Retailer 2 [S1(p1, 21)/[S1(P1, A1)+S2(p2, A2)]-aly
if S1(p1, A1)/[S1(p1, A1)+S2(p2, Ap)]>a; otherwise, Retailer 2 pays
Retailer 1 [Sy(p1, A1)/[S1(P1, A1)+S2(p2, X2)]-(1-a)]y. Under this TR
contract, the profit function of Retailer 1 is @Iy (p1, P2, A1, A2),
and both retailers are incentivized to choose {p1*, p2*, A1*, Ax*}.

Theorem 1 explains that, for any profit-split scenario, the way
to set a and y to incentive the retailers to accept the overall op-
timal decisions on {py, p2, A1, Ap} that maximizes the total profit
of Retailers 1 and 2. The value of & was obtained from the nego-
tiation between the two retailers because it can influence the final
profit split. Moreover, both a and y are influenced by &.

A
= Pz)»z(l—Qz)((1—¢)(p1—C1—C1)»191) + @’““(1—90).

Lemma 1. The overall optimal solution, {pi* p2* A1*, A"}, sat-
isfies p% —c1 — 10145 — pl;—i)‘l(] —01) >0 and py —c; — 0,05 —
2

P (1-6,) > 0.
P

Consider that @ increases by A®>0. A unique a+Aa exists that
satisfies a+Aa = t1(P+AD)/[t1(P+AD)+t5(P+AD)]. As t; in-
creases with ® and t, decreases with ® when p; —¢; — ¢c101A1 —
%(]—91)>0 and pz—Cz—Czez)\.z—%(]—ez)>0,
tH(P+AD)[t1(P+A D)<ty (P)[t1(P). Then, Aa>0. As {p1*, p2*, A1,
Xo*} can always be achieved under the TR contract. According to
Lemma 1, we can infer that for {py, p2, A1, A2}, the overall optimal
value of a increases with ®.

The TR contract can coordinate both retailers and arbitrarily
split the total profit. By designing a as the threshold of the point-
switching ratio rather than the threshold of the absolute value of
switching points, we can make our TR contract easier to imple-
ment in different cases. Inevitably, administrative cost is involved
in the implementation of contracts between retailers; this involve-
ment of administrative cost is a limitation of the wide adoption
of contracts. Under the revenue-sharing contract, for example, one
source of administrative cost is that the supplier must monitor
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the retailer’s sales revenue [2,13]. The TR contract has two ad-
vantages in this aspect. First, information flow is simple and the
cost of monitoring point switching is small. In modern consump-
tion point programs, customer information that includes amount
of points is usually saved in membership cards that can be eas-
ily read and updated by the retailer’s information systems. The
amount of switching points can be available to both retailers. Sec-
ond, at most, one fund flow between retailers is involved under
the TR contract because retailers cannot exceed their target values
of the switching-point ratio simultaneously. Moreover, in contrast
to the PP policy, retailers are not needed to purchase points from
the third-party point company, thus making the decision frame-
work and fund flows of the two retailers simple.

When p; and p, are exogenous parameters, we developed a
new approach of setting contract parameters that only depend on
retail prices and production costs. The new TS contract can coor-
dinate the two retailers and lead to a Pareto-optimal split of the
total profit that is relatively fair to both retailers.

Theorem 2. When p, and p, are exogenous parameters, the TS con-
tract with the following are considered:

- Gb2 (18)
C1p2+Cap1
Y= (c1p2+c2p1) (51 ;1311;2)»1)+52(sz )»2)). (19)

The payment rule between Retailers 1 and 2 is the same as that
in Theorem 1. Under this TR contract, both members are incen-
tivized to choose {A1*, A,*} and the profit split is fixed.

The simplified TS contract coordinates the two retailers by mak-
ing the profit of Retailer i dependent on all revenues and costs re-
lated to A;. In this case, the cost spillover effect under the PS pol-
icy is eliminated, while the advantage of PS policy is still available.
Moreover, the contract parameter a only depends on retail prices
and production costs, which are certain values.

One weakness of this simplified TS contract is the limited range
of profit allocation between the two retailers. As Theorem 2 shows,
this contract can achieve a certain profit allocation, which may
negatively affect the flexibility of the contract. However, such a
profit allocation can be acceptable in many real cases. First, it is
a Pareto-optimal solution for both retailers. A solution is Pareto-
optimal if any other solution cannot make one retailer better off
without making the other one worse off [14]. Second, the fixed
profit split is relatively fair between two retailers. Under such a
contract, one retailer’s profit only depends on the demand and cost
resulting from its own decision. The retailer needs to take care of
all the costs, including production cost and consumption points, it
generates while also enjoying the incremental demand due to the
PS policy.

5. Managerial insights and conclusions
5.1. Managerial insights

Our results showed that the point-switching ratio influences
the maximum total profit. In the case where ¢;/p;>;/p;, the max-
imum total profit was increased when 6; was decreased. or ;
was decreased when the demand functions satisfy the condition in
Proposition 1. Therefore, encouraging more customers to redeem
their points from the retailer with the higher cost performance
may benefit retailers.

When the demand at one retailer increases under the PS pol-
icy, new customers are usually interested in redeeming their points
from the other retailer. Therefore, the switching ratio can be posi-
tively associated with increased demand in the real world. Because
the increased demand is enjoyed by the retailer, and the cost spills

over and is partially undertaken by the other retailer, the retailer
with the increased high demand can benefit much from the pure
PS policy. The retailer that fails to obtain a high increased demand
bears three disadvantages: low increased demand, low proportion
of points switching to the coalition partner, and a high percentage
of point switching in from the partner. Therefore, finding appropri-
ate partners for the pure PS policy is important to ensure that both
retailers can obtain higher profits than they could under individual
point schemes.

We found two weak points of the pure PS policy, and they could
explain the reasons a pure PS policy is not ubiquitous in the real
world. First, the total profit cannot be maximized under the pure
PS policy because the cost spillover distorts the retailers’ optimal
decision on {A{, A,}. Because administrative expense is involved in
the pure PS policy, limited profit improvement can negatively af-
fect the managers’ incentive to implement such a policy. This limi-
tation can be more critical when the total profit under the pure PS
policy is smaller than the one under an individual point scheme.
Second, the total profit split is fixed under the policy. In some
cases, one retailer may obtain a smaller profit under the policy
than under the individual point scheme such that the retailer can-
not agree on the PS policy despite the improved total profit.

Both retailers may experience higher profits in cases based on
{A1*, Ay*} than those based on {A{° A,°}. On one hand, {}{*, Ay*}
cannot create an equilibrium under the pure PS policy because ei-
ther retailer (e.g., Retailer 1) can always benefit from selecting the
A1 value that is higher than the A;* value when the other re-
tailer is bound by the overall optimal point-conversion ratio. On
the other hand, for those retailers engaged in a simple and effec-
tive bargaining process, cases based on {A{*, A,*} can leave space
for retailers to achieve a win outcome. Hence, managers might in-
crease the total and individual profits by equipping the pure PS
policy with such a bargaining mechanism rather than implement-
ing a TR contract.

5.2. Concluding remarks

In this study, we analyzed the PS policy that articulates a com-
mon practice in the real world. We discussed the cost spillover be-
tween retailers and the ways it influences the overall performance
of the two retailers under the pure PS policy. We found that when
the retail prices are fixed, retailers prefer high point-conversion ra-
tios to the overall optimal ones. Therefore, total profit cannot be
maximized under the pure PS policy. When 6; is sufficiently small,
retailer i benefits from setting a A;° value higher than the A;/ value.
Although customers benefited by obtaining more points, the total
profit under the pure PS policy was smaller than under the individ-
ual point scheme. Moreover, the pure PS policy could not guaran-
tee a win profit split to retailers when the individual point scheme
was used as a benchmark. When the point-switching ratio is small,
some cases showed A;°<A;! such that customers lose some benefit
under the pure PS policy because of a low point-conversion ratio.
When retail prices are decision variables, the overall optimal deci-
sions are different from the retailers’ Nash equilibrium under the
pure PS policy.

Our numerical experiments showed that each retailer can be in-
centivized to generate a higher demand when some of the point
cost is undertaken by a partner. Moreover, the average price of the
products operated by each retailer is also lower under the pure PS
policy than under centralized control. This finding means that, al-
though the retailers’ overall profit may not be maximized under
the pure PS policy, customers may experience greater welfare than
when facing two retailers under centralized control or with coor-
dinating contracts.

TR contracts are developed to coordinate the two retailers and
arbitrarily split the total profit when coupled with the PS policy.
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We showed that the TR contract studied had advantages in terms
of low administrative cost. For cases with fixed retail prices, we
developed a simplified TR contract to coordinate the two retailers
and achieve a fixed profit allocation. Under such a contract, each
retailer’s profit consists and only consists of the terms that are
influenced by its own decision. In this case, retailers face higher
demands and undertake all their own production and point costs.
Then, the profit allocation is Pareto optimal and fair to both
retailers.

We developed our model with a general form of demand func-
tion. By considering some specific assumptions about the form of
the functions of demand and the point-switching ratio, more ana-
lytic results could be obtained for cases in which retail prices are
decision variables. Then, managers can determine the ways the re-
tail pricing and point-conversion ratio jointly influence their own
profits and the overall performance of both retailers under the PS
policy.

Moreover, analyzing the advantages of PS policies in more com-
plicated models can be fruitful directions of future work. First, the
sales promotion by one retailer can be more remarkable when
more partners are joined by a PS policy because customers can
take advantage of the greater flexibility of point redemption. More-
over, their point accumulation effectiveness can also be improved
under this increased number of point sources. In this case, de-
signing a contract to coordinate such retailers and arbitrarily split
the profit among retailers can be a challenging endeavor. Second,
whether PS polices can be implemented to improve the perfor-
mance of competing retailers or not is an interesting direction
to extend the theoretical and practical insights of PS policies. Al-
though PS policies may make the competition fiercer, the total de-
mand can be increased meaningfully because the retailers would
share many common customers.
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Appendix

Proof. of Proposition 1.
(i) From Eq. (1), we can obtain

dl—f;i)fl)\]) =(p1— 1)dD‘;7)(:H) —c161D1 (A1) —C191)\1(1D(;7)(:”),
(A1)
and
dzdlz)il(;;) =(P1—-C - C191)xl)d;1?;:))\21) —2c16 dD(;)(jL]) . (A2)
Suppose that Aq° satisfies dIT;(A;°)/dA; = 0, then we have
(p1 — &1 — ¢19141°)dDy (A1°) /dAy = c191D1(A1°). (A3)

As D{(A1)>0 and dD{(A{)/d};>0, we have (p;—c;—c;61A1°)>0.
As d?Di(A1)/dr1? <0, we obtain that A;° satisfies d>IT;(Aq)/dA;2
<0. Therefore, A;° is the equilibrium decision of Retailer 1 under

the pure PS policy. With the same approach, we can prove that A,°
is the equilibrium decision of Retailer 2.

(ii) The above proof tells that A;° satisfies Eq. (A3) and
(p1—c1—C1601A1°)>0. Define the function f(A]60) =
(pl—C] —6191)»1)dD1(A1)/dkl—c191D1(k1). Suppose that 9] is
increased by a positive A6, and then a new equilibrium A,
of Retailer 1 under the pure PS policy can be determined by
flA1]61+A61) = 0 according to the above proof. Consider an x°
satisfies f(x°|01+A61) = 0; therefore the value of A;° is equal to
x° under 61+A60;. Because f{A1]01+A601)<f(A1]01) for any certain
pair of {A{, 81, AB¢}, we can obtain that f{x°|#)>0. Considering
that flA]61) is decreasing with A; for any 64, we can infer
that the A;° satisfying flA:°/6@;) = 0 should be greater than x°.
Therefore, the value of A;° decreases when 6 is increased by A6;.

(iii) From Egs. (3) and (4), we can obtain that IL(};) =
(pi—ci—ciA;)(a;+b;A;) under the individual point scheme. It is easy
to show that A;! should satisfy

sy _ (Pi— )b —aic A4
! Zb,‘C,‘ ( )
Under the pure PS policy, we have II;(A;) = (pj—¢;—Cif;A;)
(ai+biri+e;r;)—pjciDj(A;)[p;. It can be shown that A;° should satisfy
)ng( —c,)(b+e) aCll
’ 2(b; + e)cit);

Then, we have

(A5)

ol — (Pi=c)bi+e)—act  (pi—Ccbi—aic
! Z(b, + e,)c,-@,- ZbiCi
_ [(pi = ci) (bi+e)—aicifi]bi—[ (p; — ¢i)bi—aici] (b; + €:)6;
- 2(b; + ei)bjcit;
(A =0)(pi — c)(b; + e)b; + acie;
= 2(h; + e)bic, >0 (A6)

Therefore, we can obtain that A;° > A if the conditions in (i)
and (ii) hold. With the same approach, we can prove that A,° >
A0

Proof. of Proposition 2.
(i) From Eq. (3), we can obtain

anch()\,l,)\.z) dD] ()\.1)

o = (p1 —¢1)—5— —a01D1 (A1)
dD )»
—C]Q])\.]%l])
dDq (A
P | DGy | A7)
dAq
and
oTl% (A1, A 2
76}1( 1 A2) (131 —c1 — 1A — P2k (1-¢6 )) d DI(A;)
8()»1) p2 d()"l)

<2C19 +2p1C2( 0 >>dD1()"1) (AS)

Suppose that A* satisfies 9T ,(A1, A2)/0(A1) = 0, we have

A dDy (A%
<p1C1C191)»’{p1 2 1(191));)(”1)

= (ab+ 22 -0))DiG). (A9)
Given that D;(A{)>0 and dD;(Aq)/dA1>0, we have
P1—C1—C101A1* —p1CA*(1-61)[p;>0. As d2Dy(Aq)/dA?2 < O,

we obtain that A;* satisfies 92I1,(Aq, A)/0A12 < 0. Moreover, we
can show that 4211 (Aq, A2)/0(A1)d(Ay) = 0. Therefore, A1* is the
overall optimal A;. With the same approach, we can prove that
Ay* is the overall optimal A,.
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(11) For any )\1, we have (p1 —Cq —6101X1)>(p1 —C1—6191X1—p162
A1(1-601)[py) and  (c101+p162(1-61)[p2)>c161. As  d?Dy(Aq)]
d)\]2<0, then (p1 —C —C]Q])&] — %(] —9]))%(:\1) is de-
creasing with A; when (p;—c;—c101A1—p1c2A1(1-61)[p2) > 0.
Moreover, (cq 91+p117—;2(1 —601))D1(Aq) is increasing with A;. There-
fore, we can obtain that A{° > Aq* if the conditions in (i) and (ii)
hold. With the same approach, we can prove that A,° > Ay*. O

Proof. of Proposition 3.

(i) From the proof of Proposition 2, A;* satisfies Eq. (A9) and
(pi—ci—cifiAi* —piciAi*(1-0;)/p;)>0. Suppose that 6; increases by
Af; and A;* can be determmed by

iCiAF dD;(A\;
(pic,-c,-(e,-mei)kz‘p S (9,~+A9i>)> ()
pj dA;

= (ci(9i+A9i)+pI; L (1- (9i+A9i))>Di()Lf) (A10)
j

When pi/C,<pJ/C], we have (Clgl+plcj(1 -0, )/p])<(cz(9i+A9i)+piCj
(1-(0;+A0;))[p;) and (pi—c¢;—¢;0iAi—picjAi(1-0;)[p;)>(pi—c;i—ci(0i+
AOAi—piciri(1-(04+A0;))/p;). Using the similar approach in (i),
we can obtain that A;* decreases when 6; increases by A6f; and
pilci<pjlc;.

(ii) Using the similar approach of the above proof, we can find
that A;* decreases when 6; increases by A6; and p;/c;>p;/c;. O

Proof. of Proposition 4. (i) Without loss of generality, suppose
that 6 increases by Af;. Then, the function of the total profit is

ey (A1, A2|61+A07)
= (p1 — ¢ — 1 (O1+A01)A1)D1 (A1) + (P2 — €2 — C2602A2)D2 (A2)
_ 27“(1 — 65)22D2 (%) — ﬁa (014 A61))MDy (A1)

(AT1)
and we have

e (A, A2]01+A61 ) — Ty (A, A2]61)

_ (% - cl)A91A1D1 ). (A12)

Therefore, for any {A{, Ay}, (A1, A2|01+A6q) is smaller than
My (Aq, A2]61) when pq/cy<py/cy and is greater than T, (Aq, A2]01)
when pq/cy>p;y/c;. We can obtain that IT;* is decreasing with 6;
and increasing with 6; when p;/c;<pj/c;. O

Proof. of Theorem 1. Under the TR contract, the profit functions
of retailers are

M1 (p1. M. a,7) = (p1 — ¢1)D1(p1. M) — 791?\ Di(p1. M)

P2C1

S
(1 —02)A2D2(p2, A2)— <51+52 *0>V
(A13)

3 (p2, A2) = (P2 — €2)D2(P2, A2) — 2024202 (P2, A2)
=P -gaDi(pr 2 (5 (- 0))
(A14)

Suppose that S;(p1, A1)/[S1(P1, A1)+S2(p2, A2)]>a. In this case,
Retailer 1 pays Retailer 2 [S;(p1, A1)/[S1(P1, X1)+S2(p2, A2)]-aly,
and Retailer 1’s profit is

My (p1. A1.a,y)
= (p1 —c1)D1(p1, A1) — P ]91)»1D1 (p1, A1)

P2C1

(1 —62)22D2(p2, )»z)

B S1(t1 + )
p1(1=0D)A1p2(1 —02)A;

t1(51+52)
p1(1 =60 1p2(1 —602)A,
(A15)

By inserting t, t;, Sy, and S, into the profit function, we can
obtain I1y(py, A1, 6, ) = PUen(p1, P2, A1, A2) and (P, A2, @, V)
= (1-@)(p1, P2, A1y A2)

With the same approach, we can show that I;(py, A1, @, ¥) =
®l(p1, P2, A1, A2) and (P2, A2, @ ¥) = (1-@)(p1, P2, A,
XAy) under the TR contract if S;(p1, A1)/[S1(p1, A1)+S2(p2, Az)]<a.
Therefore, for any ®<[0, 1], the retailers’ profits can be maximized
if and only if the maximum total profit is achieved and they are
incentivized to choose {p1*, p2*, A1* Ap*}. O

Proof. of Lemma 1. When p;*<c; and p,*<c,, the two retailers
cannot obtain a positive total profit. By setting p;>cy, p2>¢y, A =
0, and A, = 0, the total profit becomes greater than 0. Therefore,
the optimal retail prices should satisfy p;*>c; and p,*>c,. From
Egs. (8) and (9), Ix(p1, P2, A1, A2) can be obtained as follows.

e (1. P2, A1, A2)
c
= [P1 — ¢ —Cib1Ar — p1 2 (1 —91))»1]D1(P1 A1)

Pa2C
+ [Pz —C —CbhAy — L(1 - 92))»2]D2 (P2. A2) (A16)
Suppose that a solution {p;f{, A;!} satisfies p;f-c;-c101A1'-
p1fcaA(1-04)/p2<0. Then, we have

(A17)

Al
|:p§1 —C —C 91 )\.q pl;Z

We can always find a solution, {p;f, A{{-AA{'}, with AX{(>0
that satisfies p1t—C1—C191(X1t—AMt)—pfcz()qt—A)qt)(l—@])/p2>0
when p;f>cq. As other elements in TT4(pq, p2, A1, Ap) are inde-
pendent of Ay, we can obtain T(pi5 p2, 215, A2)<Og(p1t, P2, At
ANt Ay). Therefore, for any such a {p;¢, 1A'}, the two retailers
can always obtain a higher profit than {p;f, 11!} by setting p;-c;-
€101A1-p1C2A1(1-61)[p2>0.

With the same approach, we can show that {p,, A,} is not the
optimal decision of Retailer 2 under {p{, A1} when py-cy—c0,A,-
D2€142(1-63)/p1<0. O

Proof. of Theorem 2. Under the TR contract, the profit functions
of retailers are

IMi(A1,a,7) = (p1 —c1)D1 (M) — 791)»1[)1 (A1)

P2C1 S
(1 —02)A2Dy(X2) — (m - a)y

(A18)

My (A2,a,7) = (p2 — 2)Da(A2) — ©20,A2D; ()»2)
c
-22a —91)/\1D1(k1)—(

)y
(A19)

Suppose that S;(pq, A1)/[S1(P1, A1)+S2(p2, A2)]>a. In this case,
Retailer 1 pays Retailer 2 [S1(p1, A1)/[S1(P1, A1)+S2(p2, A2)]-aly,
and Retailer 1’s profit is
H] ()\.1 a, )/)

= (p1 - c)D1(Ay) — 16‘ BEL613D1 (k1) - Z—C‘a — 6,)A2D5(02)

5 (01P2+Czpl)+cl (51 +52)

(A20)
D1D2 D1
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By inserting S; and S, into the profit function, we can obtain
I (M, a,y) = (p1 — c1)D1 (A1) — c16141D1 (A1)

- %(1 —01)M1D1 (). (A21)
My (A2,a,7) = (p2 — ©2)Da(A2) — ¢2602A2D5(A2)
— P2 (1 _0,)1,D,(ha). (A22)

D1

With the same approach, we can show that Equations (A21) and
(A22) still hold under the TR contract when S;(pq, A1)/[S1(p1,
A1)+S2(p2, Ay)]<a. Therefore, for any ®¢[0, 1], retailers’ profits can
be maximized if and only if the maximum total profit is achieved
and retailers are incentivized to choose {A{*, A;*}. O
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